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Chapter 1

Connections On Vector
Bundles

1.1 Local Operators

In the following we consider vector bundles £ — M and F — M over a
smooth manifold M.

Definition 1.1.1. For vector bundles E¥ and F' over a smooth manifold M
we call an R-linear map ® : I'(E) — I'(F') a local operator if whenever
s € I'(F) vanishes on an open set U C M, then ®(s) € I'(¥") vanishes on U
also.

There is also a notion of a point operator which replaces U with a
single point p € M. Before we look at the first example note that for a
trivial bundle M x R — M a section s of M x R is a map s(p) = (p, f(p))
for some function f: M — R. We thus have a one-to-one correspondence

{sections of M xR} «— {f | f: M — R}.

In particular the space of smooth sections I'(M x R) can be identified with
C>(M).

Example 1.1.2. The most basic example of a local operator is % :C®(R) —
C>*(R). Here we are identifying C*°(R) with T'(R x R) as noted above. If
f(z) =0 on a neighborhood U > p, then f'(z) =0 on U.

Another great example of such an operator is the exterior derivative
a:T (AFTM) > T (A7)

Proposition 1.1.3. If a map ® : T'(E) — I'(F) is C*>°(M)-linear, then it is
a local operator.



Proof. Consider s € I'(F) such that s vanishes on an open set U C M. Let
p € U and consider a smooth bump function f such that f(p) = 1 and the
support of f is contained in U. Now fs is a section of E and fs =0 on M.
Thus ®(fs) = 0 and since ® is C*°(M)-linear

O(fs) = fP(s) =0.
At p we have ®(s)(p) =0so ¢(s) =0on U. O

Theorem 1.1.4. If a map ® : T'(E) — I'(F) is a local operator, then for
each open subset U C M there exists a unique linear map

Oy :T(U,E) = T(U, F)
such that for any s € I'(E) we have that
Ply(slv) = @(s)u-

Proof. Let s € T'(U, E) be a section and p € U. Utilizing bump functions,
there exists a global section s such that 5 agrees with s in some neighborhood
W of pin U. Define

Py (s)(p) := 2(5)(p)-

If o € T'(F) is another global section with ¢ = s in W, then ¢ = 3 in
W. Now as ® is a local operator we conclude that (o) = ®(35) in W i.e.
®(0)(p) = @(5)(p) which shows that ®|¢(s)(p) is independent of the choice
of 5 and so ®|y is well-defined and unique. To show that ®|y is smooth
we note that if s € I'(U,F) and s € I'(M, E) agree on a neighborhood
W 3> p, then ®@|y(s) = ®(5) on W and the left-hand side is smooth. Lastly
if s € I'(M, E) is a global section, then it is a global section of its restriction
sly and so |y (s|y)(p) = ®(s)(p) for all p € U. Thus @|y(s) = P(3). O

Lemma 1.1.5. A fiber-preserving map ¢ : E — F that is linear on each
fiber is smooth if and only if the induced map ® : T'(E) — I'(F) takes smooth
sections of E to smooth sections of F.

Proof. Suppose that ¢ : E — F is smooth. Then for a smooth section
s € T'(F) the composition ®(s) = ¢ o s is smooth as it’s a composition
of smooth maps. Conversely suppose that ® takes smooth sections of F
to smooth sections of F. As usual we proceed locally. Fix p € M and
consider a chart (U, z',...,2") at p over which E and F are both trivial. Let
€1,...,er € I'(E) be a frame for FE over U and fi,..., f;, € T'(F) be a frame
for F' over U. Now a point in E|y can be written as a linear combination

>~ a’e;. Suppose
@ o €j = Z b;fl
i



Then
S ) = o,
J %)

Taking local coordinates on E|y to be (z!,..., 2", al,... ,a") we have

1 n 1 Ty _ 1 n 31 j
oz, ..., 2" a,...;a") = .%‘,...,ZC,E a]bj,...,g a’b]
J J

which is smooth. O
Lemma 1.1.6. A C°°(M)-linear map ® : I'(E) — I'(F) is a point operator.

Proof. Suppose that s € I'(E) such that s vanishes at p € M. Let U be an
open neighborhood of p over which FE is trivial. Consider a frame eq,...,e,
of F over U. We can write

sly = g a'e;
i
where the a*’s are smooth functions on U. Since

0=slu(p) =) a'(p)eip)

i

we conclude that a’(p) = 0 for every i. By Theorem 1.1.4 we know that &
restricts to a unique map ®|y : I'(U, E) — I'(U, F) and so

@(5)(p) = Plu(sl0)(p)
= (3 d'e)(p)

= (Zaiq"[j €; > )
= Z p)®lu(e:)(p)
= 0.
O

Lemma 1.1.7. If & : T'(E) — I'(F) is C*°(M)-linear, then for each p € M,
there is a unique linear map @, : E, — F, such that for all s € I'(E),

Dy (s(p)) = 2(s)(p)-



Proof. Given v € E, choose any s € I'(E) such that s(p) = v and set

Dy (v) = (s)(p) € Fp-

This definition is independent of the choice of s since as we saw previously
® is a point operator. To show that @, is linear suppose that vi,v2 € E,
and a1, a2 € R. Let s; and s be global sections of E with s;(p) = v;. Now

O, (a1v1 + agva) = P(ai1s1 + az52)(p)
= a1®(s1)(p) + a2®(s2)(p)
= a1Pp(v1) + a2®y(ve).

O]

Theorem 1.1.8. There is a one-to-one correspondence between bundle maps
¢: E— F and C*(M)-linear maps ® : T'(E) — I'(F) given by ¢ — ®.

Proof. Suppose that « : I'(E) — I'(F') is C°°(M)-linear. For each p € M
there is a linear map ®,, : £, — F), such that for any s € I'(E),

®y(s(p)) = als)(p)-

Define @ : E — F' by setting ®(v) = ®,(v) if v € E,. Now for any s € I'(E)
and pe M N

P(s)(p) = @(s(p)) = als)(p),
and so a = <T>~whigh proves surjectivity. Consider then bundle maps ®, ¥ :
E — F with ® = U. For any v € E, pick s € I'(E) with s(p) = e. Then

ie. & =. O

1.2 Connections

The study of connections on bundles is usually called gauge theory. From a
mathematical standpoint, connections provide a way to differentiate sections
of a vector bundle. Specifically, a connection allows one to compare values
of sections at different points on the base manifold, giving rise to a covariant
derivative. This derivative is crucial in defining how a vector bundle behaves
under parallel transport, as well as in computing curvature, an intrinsic
measure of the bundle’s geometry.

Definition 1.2.1. Let £ — M be a complex vector bundle. A connection
on F is an C-linear map

V:I(E) = I(T*M ® E)



satisfying the Leibniz rule:
V(fs)=df @ s+ fVs
for all f € C*°(M) and s € I'(E).

Proposition 1.2.2. The set of all connections on a vector bundle E — M
is an affine space modeled on the vector space of End(E)-valued 1-forms.

Proof. Let V1, V2 be two connections on E. Then for any f € C°°(M) and
sel(B),
(V1= Va)(fs) = Vi(fs) = Va(fs)
=(df @ s+ fV1s) — (df @ s+ fVas)
= f(Vls - VQS),
that is, the difference Vi — Vg is C*°(M)-linear. Recall now that Lemma
1.1.7 states that such a map gives a unique map on fibers E, — T/ M ®QE),, for
each p € M. That is, we obtain a map 7,M — End(E),) which implies that
V1 — V3 is an End(E)-valued 1-form. Furthermore, if A € A'(M,End(E)),
then
(V+A)(fs) =V(fs)+ A(fs)
=df @ s+ fVs+ fA(s)
=df ® s+ f(V+ A)(s).

Therefore V + A satisfies the Leibniz rule and is a connection. O

Let U C M be an open set over which E is trivial, and let {ej,...,e.}
be a local frame of E over U. Any section s € I'(U, E) can be written as
s=>0 siej for s’ € C°°(U). For X € I'(U,TM), the connection is given
by

VXsIVX Zsjej ZZde(X)Ej—i-ZSjVXej.
J J J

For each 1, j, there exist unique 1-forms w§ € QY(U) such that

T
i
Ve; = E w; ® €.
=1

The r X r matrix w = [w;] is called the connection matriz relative to the

frame {e;}. In this notation,
Vs =ds’ ®ej + s'Ve;
=ds’ ® ej + sjw;' R e;
=ds’ ®e;j —i—wésj ® €;
=ds + ws,



where ds = (ds',...,ds")T and s = (s',...,s")T. Suppose now that {e;} and

{€;} are two local frames over U, related by €; = . aéei, where a = [aé-] is a

smooth map U — GL(r,R). If w and @ are the connection matrices relative
to these frames, then

& =a ‘wa+ a 'da.

Under a change of frame, the connection matrix transforms inhomogeneously.
Given vector bundles E1, Fs — M with connections V! and V2, there are
natural ways to define connections on associated bundles:

(i) Direct Sum: The direct sum F; @ F5 carries the connection
(V1@ Va)(s1 @ s2) := Vis1 & Vasy
for sections s € I'(E1), so € T'(E»).
(ii) Tensor Product: The tensor product F; ® Es has the connection
V(s1 ® s2) := V181 ® s3 + 1 ® Vasa,
for s € I'(E1), s2 € I'(Es), extended by linearity.

(iii) Dual Bundle: If V is a connection on E, the dual connection V* on
E* is defined by
d(X,s) = (VA s) + (A, Vs)

for A e I'(E*), s € I'(E). Explicitly,
(V*X)(s) :=d(A(s)) — A(Vs).

(iv) Hom Bundle: Given V; on E; and Vg on FEs, the induced connection
Viom on Hom(FE1, Es) is defined by

(VHom®p)(5) := Va(p(s)) = ¢(Vis)
for ¢ € T'(Hom(FE1, E2)) and s € T'(Ey).

Up to this point M has been a real manifold and E a smooth complex
vector bundle. For now, we will consider a holomorphic vector bundle F
over a complex manifold X.

Proposition 1.2.3. Let E be a holomorphic vector bundle over a complex
manifold X. Then there exists a natural C-linear operator

3g : API(E) — APIH(B)

such that 9% = 0 and, for all f € A°(X) and o € API(E), the Leibniz rule
holds:

5E(fa) = 5f N o+ ngOz



Proof. Let U be a framed open set with a frame {ej,...,ex}. A section
o € AP4(U, E) can be written as a = Y, o’ ®@ ¢; for o' € AP4(U). Set

(5Ea = Zéai X €;.

To see that this expression is independent of the choice of local frame, let
{€1,..., €} be another frame over U, by the above construction, we obtain
an operator 9. Now ¢; = y g}€; for a transition matrix of holomorphic

functions [gf |, and

Opa=0p | Y o' ®glE
'7j

—Zﬁagz ® €
—Zaa ®gle]
—Zaa R e;

= (9Ea.

Hence we can extend this to all of AP4(E). By construction, this satisfies
0% = 0 and the Leibniz rule. O

If V is now any connection on E, then since A'(E) = A (E) @ A% (E),
we can decompose V on E into its two components V = V10 @ V01, Note
that

VOl(fs)=0f @ s+ Vs,

where 0 : A(E) — A%!(E) is the operator we discussed above. Just as
we have compatible connections with metrics in the case of Riemannian
manifolds, there is an analog in the complex setting.

Definition 1.2.4. Let (E,h) be a Hermitian vector bundle. A connection
V on F is said to be compatible with the metric if, for all sections s,t of F,
we have

d(h(s, 1)) = h(Vs,t) + h(s, V).

Theorem 1.2.5. Let E be a holomorphic vector bundle with a Hermitian
metric h. Then there exists a unique connection that is compatible with the
metric, and compatible with the holomorphic structure, in the sense that

vol = 9.



Proof. We will first prove uniqueness. This is a local problem so consider a
framed open set U with a holomorphic frame e = (e, ..., ex). Since E|y =
U x CF, the connection is then determined completely by the connection
1-forms w; given by

Ve; = Zw; ® €;.

Since V is compatible with h, we obtain
dh(e;,ej) = h(Ve;, e;) + h (e, Vej)
=h (wf ® e, ej) +h (ei,wf ® ek>

= wzkh(ek, e;) + h(e;, ek)a)f.

Now, note that V being compatible with the holomorphic structure means
that Vs € AY9(U, E) for any holomorphic local section s. It follows that w?
is of type (1,0) so

Oh(e;,ej) = wfh(ek,ej) and 5h(ei,ej) = h(ei,ek)’j’?,

or as matrices Oh = wTh and Oh = hw. This yields that w = h~10h is a
unique solution to both equations. So w is completely determined locally
by the Hermitian metric, and thus so is V. The argument also constructs
such a connection on each framed open set. Then by uniqueness, these local
connections glue to a connection on all of E and so we are done. O

The unique connection described in Theorem 1.2.5 is called the Chern
connection. To conclude this section, we will now define holomorphic con-
nections which will play a key role in these notes.

Definition 1.2.6. Let £ be a holomorphic vector bundle over a complex
manifold X and denote by £ the locally free sheaf associated to E. A holo-
morphic connection on F is a C-linear map of sheaves

V:E—- QL ®E,

such that V(fs) = df ® s + fVs for any local holomorphic function f and
any local holomorphic section s.

1.3 Curvature

In the previous section, we introduced the notion of a connection as a gen-
eralization of the exterior differential to sections of vector bundles. While
the exterior derivative d satisfies d> = 0, in general a connection V does not
satisfy V2 = 0. The curvature of a connection quantifies this failure and
plays a key role in both differential and complex geometry.

10



Let £ — M be a smooth vector bundle over a manifold M, and let
V : A°(E) — AY(E) be a connection. There is a canonical way to extend V
to E-valued k-forms,

V: ANE) - A E),
defined as follows: for a local k-form @ € A¥(M) and a local section s € T'(E),
Via®s):=da®s+(—1)*a A V(s). (1.1)

This formula ensures that for £k = 0 we recover the usual connection, since
V(s) =df ® s+ fV(s) for any smooth function f.

More generally, for t € AY(E) and § € AF(M), the extension satisfies
the graded Leibniz rule:

V(BAL)=dB At + (=1)EB AV(1). (1.2)
Indeed, suppose t = a ® s with a € A*(M) and s € T'(E). Then,
V(AL =V(Bra)®s)
= d(BAa)®s+ (—1)*BAa)AV(s)
= (dBAa+ (~1)FBAda)®s+ (~1)F8 A (da ® 5+ (—1)fa A V(s))
=dfAha®s+ (~1)*BAda®s+ (-1)BAda® s+ (~1)FBAaAV(s)
=dfna®s+ (-1D)BAV(a®s)
=dBAt+ (-1)FBAV().
Definition 1.3.1. The curvature of a connection V on E is the composition
Fy:=VoV:AYE)— A*E).

Explicitly, Fy is a map that takes a section s € I'(E) and returns the
E-valued 2-form Fy(s) = V(V(s)). In fact, the curvature can be interpreted
as a global section of A%(End(E)):

Fy € A*(M,End(E)).
This is justified by the following lemma:
Lemma 1.3.2. The curvature Fy : A°(E) — A%(E) is A°(M)-linear, i.e.,
for any f € C®(M) and s € I'(E),
Fy(fs) = f-Fu(s).
Proof.
Fo(fs) = V(V(fs))

=V(df ® s+ fV(s))

=d’f@s—df ANV (s)+df AV(s)+ [V(V(s))

= [ Fy(s).

11



Locally, if E' is trivial over U C M and {eq,..., e} is a local frame, any
connection V can be written as

V=d+A,

where A = [A;] is an 7 x r matrix of 1-forms. For a local section s =}, slej
with V(s) = ds’ @ ej + sjAé ® e;, we obtain:

Fy(s) =V (V(s)) = (d+ A)(ds + As)
=d?s+d(As) + ANds+ AN (As)
=d(A)s+ AN As,

so, as an End(F)-valued 2-form,
Fy=dA+ANA. (1.3)

If A e AY(M,End(E)) and V = V + A is another connection, then the
curvatures are related by:

Lemma 1.3.3. For any A € A'(M,End(E)),
Fyia=Fy+V(A)+ANA.

Proof. A calculation using the definition of the extended connection and the
graded Leibniz rule shows:

Fyia(s)=(V+A)o(V+ A)(s)
= V(V(s)) + V(A(s)) + A(V(s)) + A(A(s))
= Fy(s) + V(A(s)) + A(V(s)) + A(A(s))
=Fy(s) + V(A)(s) + AN A(s).

Lemma 1.3.4 (Bianchi Identity). Let Fy € A%(M,End(E)) be the curva-
ture of a connection V. Then

V(Fy) =0 € A*(M,End(E)).
Proof. The action of the extended connection V on Fy is
V(Fg)(s) = V(Fy(s)) — Fy(V(s)).
But, since Fy = V2, this is
V(V3(s)) = VA(V(s)) =0,

by associativity of composition and the definition of Fy . O

12



As we did with connections, we will now describe how to define curva-
ture on associated bundles: Let E7, F» be vector bundles with connections
V1, Va, respectively.

(i) The curvature of Ey @ Ejs is
Iy =Fy, @ Fy,.
(ii) The curvature of F ® E3 is

Fy=Fy, ®1+1® Fo,.

(iii) The curvature of the dual bundle E* satisfies

Fg- = —(Fy)".

(iv) For the pullback bundle f*FE under a smooth map f : M’ — M, the
pullback connection f*V satisfies

Frey = f'Fy.
When additional structure is present, such as a Hermitian metric or a holo-
morphic structure, the curvature obtains further properties:
Proposition 1.3.5.

(i) Let (E,h) be a Hermitian vector bundle and let V be a connection
compatible with h. Then the curvature Fy is skew-Hermitian in the
sense that for all sections s;, sj,

h(FvSi, Sj) + h(Si, FVSj) =0.

In particular, Fy is a section of A2(M,End(E,h)) consisting of skew-
Hermitian endomorphisms.

(ii) Suppose ¥V is compatible with the holomorphic structure, i.e., Vo1 = d.
Then the curvature Fy has no (0,2)-component, that is,

Fy € A%Y(X,End(E)) ® AY(X,End(E)).
(i1i) If V is the Chern connection (i.e., compatible with both the Hermi-
tian metric and the holomorphic structure), then Fy is a real, skew-

Hermitian (1, 1)-form:

Fy € AYY(X,End(E, h)), FL = —Fy.

13



Proof. (1) We work locally in a holomorphic trivialization with a local

(i)

(iii)

orthonormal frame {ey,..., e} for (E, h). For such a frame, the metric
h(ei,ej) = 0;; is constant. The connection V can be written as

k
Vej = E w}@ei,
i=1

where w = [w;] is a matrix of 1-forms. The compatibility of V with A
gives

dh(e;,e;) = h(Ve;, e;) + h(ei, Vej).

Since dh(e;, e;) = 0, we compute

0= h(wf @ ey, e;) + h(ei,w;-C ® e)
:wg —1—(1);-,

f = —@;-. The curva-

ture Fy = dw +w Aw then also satisfies F‘% = —Fy. For sections s;, 5,
this yields

so the connection matrix w is skew-Hermitian: w

h(FvSi, Sj> + h(SZ‘, Fij) =0.

If V is compatible with the holomorphic structure, then V = V19 +
0, where 0 is the Dolbeault operator and V' is of type (1,0). We
compute
Fy =V?

— (V104 §)?

= (V192 £ V109 + ovi0 4 (9)?

= (V102 + V109 4+ 9v'Y,
where (9)% = 0 and (V1?)2 is of type (2,0), while the mixed terms are
of type (1,1). Thus Fy has no (0, 2)-component and

Fy € A2°(X,End(E)) @ A (X, End(E)).

If V is the Chern connection, it is compatible with both the Hermitian
metric and the holomorphic structure. Therefore, by (i), Fyv is skew-
Hermitian, and by (ii), it has no (0,2)-component. To see that Fy is
of type (1,1) and real, note that locally, if A = h~10h is the (1,0)
connection matrix, then

Fv:dA+AAA
=O0+0)A+ANA
=0A+0A+ANA

14



but 9A + AN A =0 by compatibility, so

Fy = d(h™'0h) € AY(X,End(E)).

Thus Fy is a real, skew-Hermitian (1, 1)-form as claimed.

15



Chapter 2

Chern—Weil Theory

Classifying non-isomorphic vector bundles over a fixed base space is generally
a challenging problem. Characteristic classes offer a way to approach this by
providing topological invariants that can help differentiate between various
vector bundles. These classes are elements in the cohomology groups of the
base space. A notable example of such invariants are the Chern classes, which
are specifically associated with complex vector bundles. These are maps ci
assigning to each complex vector bundle £ — M over a complex manifold
M a class cx(E) € H?*(M,R) that depends only on the isomorphism type
of E. There are two ways to go about defining Chern classes, the axiomatic
approach and the more geometric approach. We will adopt the latter one.
Recall that a connection V on a vector bundle £ — M of rank r can be

expressed locally by the matrix w = [w!] of connection 1-forms. Similarly,

J
the curvature can be represented locally by the matrix (2 = [Qz] of curvature
2-forms.

_ Under a change of frame these transform as w = g~ wg + g~ 'dg and
Q = g~ 'Qg. Now while both of these equations are nice, the one considering
the curvature is quite remarkable. Essentially it’s saying that a change of
frame acts on 2 by conjugation with g.

The key thing to realize here is that since Q € A?(M,End(E)), we can
utilize the framework we’ve developed for invariant polynomials. What this
means is that if p is a homogeneous invariant polynomial of degree k in 72
variables, then the form 2k-form p(€2) will be independent of the local frame,
and hence define a global 2k-form on M.

It turns out that p(2) is closed and independent of the chosen connection,
hence [p(Q2)] yields a well-defined cohomology class in H*(M, C) depending
only on the invariant polynomial p. This association gives rise to the Chern-
Weil homomorphism

1

cg : Inv(gl(r,C)) - H* (M, C).

16



2.1 Invariant Polynomials

We will begin this chapter with some algebraic preliminaries. Let Czy, ..., 2]
denote the C-algebra of polynomials in n indeterminates z;.

Definition 2.1.1. A polynomial p € C|x, ..., z,] is said to be homogeneous
of degree k if

p(-’El, cee ,fEn) = E Civyonnyipgliy =" Ligys

where the sum is taken over all n* tuples (iy,...,4) such that 1 < ij <n
for each ;.

Definition 2.1.2. Let V be a complex vector space of dimension n. A
homogeneous polynomial of degree k on V' is a map

f:v—=C

such that for every basis (&) of the dual V*, there exists a unique homoge-
neous polynomial p € C[zy,...,x,] such that

f)=p@E',... e W) =) ey et (v) - (v) (2.1)
Note that Definition 2.1.2 is independent of the choice of a basis.

Definition 2.1.3. Let V be a vector space. Denote by P*(V) the set of all
homogeneous polynomials of degree k on V', and

P(V) = PHv).

k>0
Then P(V') forms an algebra under the usual pointwise product of functions.

Definition 2.1.4. Let V be a vector space and suppose that f € P¥(V).
The polarization of f is given by the tensor P(f) € (V*)®* defined by

P(f) = Zcily---7ik€il R ® Eik7

where the coefficients are determined by 2.1 and (g?) is a basis for V*.

Remark 2.1.5. To explicitly compute the coefficients ¢;, , . we can use the

partial derivatives of f in the following manner:

ik

1 ok f

Ciy,iz, = 7
! k k! 6a:i1 cee 690% 2=0

17



Example 2.1.6. Let V' be a complex vector space of dimension 2 with a basis
{e1,e2}, and f : V — C be the homogeneous polynomial of degree 2 given by

f(w) = f(z1e1 + xoe2) = 3 4 3w139 + 223,
Then
P(f)=cipe' ®@e' +ci0e' ®e® + 12 @' + cope? @ €2,

and for the coefficients we obtain

1 0%f )
C = — =
L1 2! 0x10x1 0 ’
xr=
1 0%f 3
Clo = — = =
L2 91 921029 , 2
r=
1 0%f 3
C = — _ =
217 91 9901y , 2
r=
1 0%f 5
C = — — 4.
2,2 2! 0x90x9
x=0

Hence

3
P(f):51®51+§(51®52+52®51)+252®52.

Definition 2.1.7. Let V be a vector space. A symmetric k-linear function
(or symmetric k-linear form) on V' is a k-linear map

f:VxVx.--.xV—=>C

that is invariant under any permutation of its arguments. More formally, for
any permutation o € Sy (the symmetric group on k elements) and for all
V1,09, ...,V € V, the following holds:

F(Wo(1)s Vo(2)s -+ +» Vo)) = f(V1,02,. .., 0k).
The set of all symmetric k-linear functions on V' is denoted by S¥(V*).

Proposition 2.1.8. Let S*(V*) be the space of symmetric k-linear functions
on a finite dimensional complex vector space V. Then there is an isomor-

phism from S*(V*) to P*(V).

Definition 2.1.9. Let GG be a Lie group and denote by g its Lie algebra. A
homogeneous polynomial p : g — C is called invariant if

p(Ady(£)) = p(&),
for all g € G and & € g.

18



We will be almost entirely focused on the case where G = GL(n,C) and
the Lie algebra is given by gl(n,C), the space of complex (n x n)-matrices.
In this case, the adjoint

Adg : g[(n’ (C) — g[(n) (C)u

is given by conjugation B ++ ABA~!. Therefore, a polynomial p : gl(n,C) —
C is invariant if

P(ABA™Y) = p(B),
for every A € GL(n,C) and B € gl(n,C).
Lemma 2.1.10. The determinant
det : gl(n,C) — C
s an invariant polynoimal.
Proof. Let A € GL(n,C) and B € gl(n,C). Then
det(ABA™Y) = det(A) ! det(B) det(A) = det(B).

Proposition 2.1.11. Let A € gl(n,C). Then the coefficients fr(A) in

n

det (AT + A) =Y fr(A)A"F
k=0

are invariant polynoimals

Proof. By Lemma 2.1.10, the determinant is an invariant polynomial. Hence
for any B € GL(n,C)

det (A + A) = det (B(M + A) B™") =det (\[ + BAB™').
That is,
ST AAXNTE =T f(BABTHAE,
k=0 k=0

Comparing the coefficients of A"~ gives
fi(A) = fr(BAB™Y),
which yields the result. O
As a direct corollary of Proposition 2.1.11 we obtain that the trace
tr: gl(n,C) - C (2.2)

is also an invariant polynomial.
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Definition 2.1.12. Let gl(n,C) denote the Lie algebra of n x n complex
matrices. The algebra of invariant polynomials on gl(n,C), denoted by
Inv(gl(n,C)), consists of all complex-valued polynomials p : gl(n,C) — C
that satisfy the invariance property:

p(ABA™Y) = p(B) for all A€ GL(n,C) and B € gl(n,C).

Theorem 2.1.13. The ring of invariant complez-valued polynomials on gl(n,C),
denoted by Inv(gl(n,C)), is generated as a C-algebra by the coefficients fi(A)
of the characteristic polynomial of A. Specifically, for A € gl(n,C), let

det (AT + A) = fr(A)A"F,
k=0

where fi,(A) are the coefficients. Then,

Inv(gl(n, C)) = C[f1(4),.. ., fu(4)].
For the proof of Theorem 2.1.13, see [17].

2.2 The Chern-Weil Homomorphism

Let £ — M be a complex vector bundle over a complex manifold M equipped
with a connection V. Let w = [w;] and Q = [Qz] denote the matrices
of connection 1-forms and curvature 2-forms relative to a local frame e =
(e1,...,er) on an open subset U C M respectively. Let p be a homogeneous
invariant polynomial of degree k on gl(n,C). If € = (e1,...,€,) is another
frame on U, then

€= eg,

for a matrix-valued function g : U — GL(7,C). Under this change of frame
the curvature matrix transforms as

Q= gﬁgil.
Hence B N
p(Q) =p (9%7") = (D),
and so p(2) defines a global 2k-form on M.

Lemma 2.2.1. Let A = [a;'»} and = [BJZ] be matrices of forms of degree a

and b respectively. In addition, suppose that a +b < dim(M). Then
(i) tr(AA B) = (=1)®tr(B A A).
(i) If A= [a;-] is a square matriz of differential forms on M, then

dtr(A) = tr(dA).
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Proof.

(i) The (7, j)’th entry of AA B is given by

A/\B Zak/\ﬂk.

Therefore

r(A A B) Zak/\ﬁk (=)™ BF Aaj = (—1)tx(B A A).
k

(ii) We have

dtr(A) =d > af = dof = tr(dA).
k k

O]

Proposition 2.2.2. Let E — M be a complex vector bundle over a complex
manifold M, V a conncetion on E and p a homogeneous invariant polynomial
of degree k. Then the global 2k-form p(Q) is closed.

Proof. Let w = [w;] and Q = [Q;] be the connection 1-forms and curvature
2-forms on a framed open set U. Recall that Inv(gl(n,C)) is generated by
the trace polynomials tr(Q2F), so it is sufficient to show that dtr(Q2%) = 0.
We have that:

dtr(QF) = tr(dQF)

=tr(F Aw—wAQF)

= tr(QF A w) — tr(w A QF)
(=1)%k tr(w A QF) — tr(w A QF)
= tr(w A QF) — tr(w A QF)
0,

That is, p(£2) is closed. O

A subtlety we need to consider now is that defining €) requires a choice
of a connection V on E. This appears to make the cohomology class [p(Q2)]
reliant on V. However, any finite convex linear combination of connections
yields a connection again, that is, if V? and V! are two connections on E,
then for each ¢ € [0, 1]

Vi=(1-t)V' + V!

is again a connection on E. Also, for each ¢t € [0,1] the connection V!
yields the connection and curvature matrices w; and €);. It’s easy to see that
= (1 — t)wp + twi, which means that w; depends smoothly on ¢. By the
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second structural equation, the curvature matrix 2; also depends smoothly
on t.

Our strategy is to show that, if % tr(QF) = dn; for some global form 7y,
then integrating this with respect to t yields

dt

1
:/ d?]tdt
0
1
:d/ ’I’]tdt
0

where d fol 7 dt is a global exact form. Passing to cohomology classes gives

[tr(QF)] = [tr(QF)] which would be enough to show that the class [p(Q2)]
doesn’t depend on the choice of the connection.

br(Q4) — tr(Qk) = /O Y4l

Lemma 2.2.3. Let E — M be a complex vector bundle over a complex
manifold M. Let wy € A¥(M,End(E)) and n; € AY(M,End(E)) be families

of End(E)-valued differential forms depending smoothly on the parameter
t e R. Then:

(i) If w = [w;(t)] is a square matriz, then

d r(wy) = ¢ d
dt r\wy) = tr 7dtWt .
(i) w and ny satisfy the product rule

dt(wt A ) = wr A e+ wi A
Here wi and 1 both refer to the derivative with respect to t.
(iii) The derivative % commutes with the exterior derivative d. That is,

d d

b b
/ dwtdt:d</ wtdt> .

Proof. (i) A direct calculation gives

(iv) For [a,b] C R,

d d i d, . d
pn tr(w) = 7 Z(Wt)z‘ = Z &(wt)i =tr <dtwt> .

% 7
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(ii) In local coordinates (U,x = (z',...,2")) we can write

= ij(x,t)dxl and 7 = Zm(x,t)dm
I 7

Then
wr A = ij(:r, tyny(z, t)de’ A dz?,
IJ
which gives
d

p (wr(z, )ny(x,t)) de! A da’

—(wg Ame) =
I

dt

<
H~

)

< wr(x, t)ns(x,t) + wr(z, t)iru(m,t)) dz! A dx’!

~
k,

d
LA AL
= g N A

:wt/\77t+th77t.

(iii) Locally wy = > ; wr(x,t)dz!. This gives

duoy = ZZ&” 1) i A dal.

Now

d Owr(x,t) , I
d I Ad
prated dt ZZ 99 v

_Zzag;fax]t da? A dat

by the symmetry of the mixed partials.

(iv) Again, write wy = Y, wr(w, t)dz?, so

dusy = ZZ&” 28 4o A de.

Integrating dwt over t € [a, b} gives
Ow] (, t ; I
dwtdt ZZ 0wrl@,8) 403  da at.
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By the Leibniz integral rule, we may interchange the order of integra-
tion and differentiation, yielding

b b
/ dwy dt = ZZ 8833J/ wr(x,t) dt da? A da’.
a I J a

On the other hand, computing d f: wy dt gives

b b
d/ wi dt = E ;;(/ wj(a:,t)dt) da? A dat.
T
a I a

Since the expressions agree, we conclude
b b

/dwtdt:d</ wtdt>.
a a

Proposition 2.2.4 (Generalized Second Bianchi Identity). Let V be a con-
nection on a wvector bundle E. Suppose w and € are the connection and

curvature matrices of V relative to a local frame on U. Then for any integer
k > 1, we have

O

dQF) =¥ Aw—wA Qb
Proof. For k = 1, the second structural equation yields

dQ = d(dw) 4 (dw) Nw — w A dw
=(Q-wAwW)Aw—-—wA(Q—-—wAw)
=QANw—-—wAQ.

Now suppose the equation holds for k& = n. We show it also holds for
k =n+ 1. Using the Leibniz rule, we have:

dQ" T = d(Q" A Q)
=dQ" AQ+ Q" A dQ.

Substituting the inductive hypothesis dQ2" = Q" Aw — w A Q" and dQ2 =
QNw—wAQ, we get

A" = (A" AW —wAQYAQ+Q"A QAW —wAQ)
=MMAUAQ=—wWAQ"ANQ+Q"ANQAWw—=—Q" Aw A Q.

Using the associativity of the wedge product and simplifying terms, we find
dOmt = QM A w —w A QP

Thus, the result holds for £ = n + 1. By induction, the formula is true for
all k> 1. O
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Proposition 2.2.5. If V! is a family of connections on E with connection
and curvature matrices wy and 2y relative to a local frame on an open set U
depending smoothly on t € R, then

% (tr Qf) —d (k: tr(QF1 A wt)) :

Moreover, the d(ktr(QF ™1 A &) can be patched together to obtain a global
form on M.

Proof. By Lemma 2.2.3, taking traces commutes with differentiation. There-

fore, we have
d V) d ok
& (tr(Qt )) =tr (dtQt> .

Using the product rule for differentiation of wedge products, we expand %Qf
as follows:

d k—1 ]
ggf =D QPAQAQT
m=0

where Q; = %Qt. Taking the trace, we obtain

k—1
tr (ifo) => tr (Q;" A A Qf—l—m> :

The trace of a product of matrices (with wedge products) is cyclically in-
variant, and the degrees of the curvature 2-forms ensure that all exponents
of —1 are even. Therefore, each term in the sum above is equal:

tr (Q;" A A Qf;"l‘m) = tr (Q,’f‘l A Qt) .

Since there are k identical terms in the sum, we obtain

br (jtgf) — ki (271 00,).
Thus,
% (tr fo) = ktr (Qf—l A Qt) .
Now, the second structural equation gives
Qp = dwt + we A wy,

and differentiating both sides with respect to ¢, we obtain

Qt:dwt+thwt+wt/\wt.
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Substituting the expression for € into the trace and using Proposition 2.2.4,
we have

tr(Qf_l/\Qt> tr (QFL A dop + QF LA G A w4+ QF T A ws A

R=UN doog — wp AU A G + QP A wp Ay

tr

)
)

tr

RN dooy + dQFT /\wt)

(
(Q
tr <Q’“ VA dioy + (Q’“ A wr —wr A Qf‘l) A wt)
<Q
tr

Qk 1/\wt>
dtr(QF 1 Aw).

We conclude that
jt <tr Qt) = ktr (QQH A Qt) —d (k: £r(QF1 A wt)) .

To complete the proof, we need to ensure that the form ktr(fol A W)
patches together to define a global form on M. To achieve this, consider
two overlapping local frames e and € on an open set U C M, related by a
transition function g : U — GL(n,C) such that € = eg. Under this change
of frame, the connection and curvature matrices transform as follows:

=g 'wg+g tdg and Q=g 'Oy
Differentiating the connection matrix with respect to t yields
S I
Wt =g Wiy,
since g~ 'dg does not depend on t. Now, consider the form tr (fol A @t):
tr (flf_l A L~ut> =tr (gile_lg A gflwtkq)
= tr (g_lﬁf_lg A g‘lwtg) :

Utilizing the cyclic property of the trace and the associativity of the wedge
product, we can rewrite the above expression as

tr (g_l(lf_lg A g_lwtg) =tr (Qf‘l A d}t) .
This equality shows that the local expressions tr (Qf A wt) computed with

respect to different frames agree. Therefore, these local forms patch together
to define a global form on M. O
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Proposition 2.2.6. Let E — M be a rank n complex vector bundle over a
complex manifold M, V a connection on E and p a homogeneous invariant
polynomial of degree k on gl(n,R). Then the cohomology class [p(2)] €
H?F(M,C) is independent of the connection V.

Proof. Suppose that VY and V! are two connections on E. Then the convex
combination V! = (1 — )V 4+ ¢V! for t € R is also a connection on E with
connection and curvature matrices wy and 2; over a trivialized open set. Now

d L
= (tmf;) = d(k tr(QF 1))

and so

1
d k _ k k
/0 = (ter> dt = tr(QF) — tr(Qk).

By Lemma 2.2.3, we also have
1 1
/ d(ktr(QF YA dy))dt = d/ ktr(QF 1A &p)dt.
0 0

Therefore .
tr(QF) — tr(QF) = d/ ktr(QF 1, dt.
0

The right-hand side is now a global exact form so passing to cohomology
yields that [tr(QF)] = [tr(QF)] which proves that the cohomology class of
tr(QF) is independent of the connection. O

All in all we’ve have proved the following theorem:

Theorem 2.2.7. Let E — M be a complex vector bundle over a complex
manifold M, V a connection on E and p an invariant homogeneous polyno-
mial of degree k on gl(r,C). Then

(i) The global 2k-form p(2) is closed.

(ii) The cohomology class [p(Q)] € H?*(M, C) is independent of the choice
of the connection.

2.3 Chern Classes

As demonstrated in Lemma 2.1.10, the determinant det : gl(n,C) — C is
an invariant polynomial. Proposition 2.1.11 showed that for A € gl(n,C),
the coefficients f;(A) of the characteristic polynomial det(A] + A) are also
invariant polynomials.
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Definition 2.3.1. Let £ — X be a complex vector bundle over a complex
manifold X of rank r. Let V be a connection on E with curvature Fy. The
closed differential form

cn(E,V) = fp (;ﬂFv> e A% (X)

is called the k’th Chern form.

Definition 2.3.2. Let £ — X be a complex vector bundle over a complex
manifold X of rank r. Let V be a connection on E with curvature Fy. The
k’th Chern class of E is defined to be the induced cohomology class

x(B) = [cx(B, V)] = [fk (%Fv)] e H¥(X,C).

In particular, ¢o(E) = 1 and ¢ (E) = 0 for & > r. It is worth noting that
for k =1, fi(Fy) is given by the trace, so ¢1(E) is represented by

? ? _ { _
a(E,V) = %Qﬁ = gR:adeo‘ ANdzP = %Ragdzo‘ AdzP. (2.3)

Definition 2.3.3. The total Chern class of E is given by
c¢(E):= [det (I + QZﬂ_Fv>} =14c(E)+ - +c(E).

We now consider how the Chern classes and the total Chern class behave
under the standard operations on vector bundles.

Proposition 2.3.4. Let E and F be complex vector bundles of rank r over a
complex manifold X. Let V1 and Vg be connections on E and F', with cur-
vatures Fy, and Fy,. Then the total Chern class of the direct sum satisfies

(E@F)=c(E)-cF).

Proof. The curvature of the direct sum connection Vi & Vs is Fy, @ Fy,.
Therefore,

o(E & F,V1 & Vy) = det (I + i(Fm ® Fv2)>

7 )
= det (IE + 27ro1> - det (IF + 27TFV2>

= C(E, Vl) . C(F, Vg)

Passing to cohomology classes yields ¢(E @ F) = ¢(E) - ¢(F). O
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Note that this actually gives a formula for ¢, (E @ F') also by comparing
the degrees. We obtain

r

HEOF) = ci(E)-cri(F).
=0

The total Chern class also satisfies the following naturality condition with
respect to pullbacks.

Proposition 2.3.5. Let f : Y — X be a smooth map between complex
manifolds. Let E — X be a complex vector bundle over X equipped with a
connection V. Then

c(f*E) = [e(E).
Proof. The curvature of the pullback connection f*V is Fy«y = f*Fy. Thus,

c¢(f*E, f*V) = det <I+ Qirf*Fv>
_ <det <z+ Fv>>
2w
= fc(E,V).

Passing to cohomology classes gives ¢(f*E) = f*c(E). O

For the tensor product, the situation is a bit trickier. Using the so-called
splitting principle, one obtains a formula for the total Chern class of the
tensor product (see Bott and Tu [6] for details). For the first Chern class we
do have the following.

Proposition 2.3.6. Let E and F' be complex vector bundles of rank r and s

over a complex manifold X, with connections Vi and Vo of curvatures Fy,
and Fy,. Then
A(E®F)=sci(E)+rc(F).

Proof. The curvature of the tensor product connection is

FV1®V2 = FV1 ®idp+idg ®FV2.

Therefore,
]
Cl(E R F,V1i® VQ) = % tT(FV1®V2)
1
= 5 (str(Fy,) +r(Fyy))
= Scl(E, Vl) -+ TCl(F, VQ).
Passing to cohomology yields ¢i1(E ® F') = sc1(E) + rei (F). O
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The remedy for the Chern class not being very manageable with the
tensor product is given by introducing something called the Chern charac-
ter. Recall that the trace tr : gl(n,C) — C is an invariant polynomial, this
induces invariant homogeneous polynomials gi of degree k defined by

tr(exp A) = go(A) + g1(A4) +---

Definition 2.3.7. Let & — X be a complex vector bundle over a complex
manifold X. Let V be a connection on E with curvature Fy. The k£’th Chern
character chy(F) € H?*(X,C) of E is defined as the cohomology class

chy(E) := [chy(E, V)],

where

chy(E,V) = gi <2iTFV> e A%*(X)
is the Chern character form.
Definition 2.3.8. The total Chern character is defined by
ch(E) := cho(E) + chy(E) + - --

Proposition 2.3.9. Let E and F' be complex vector bundles over a complex
manifold X with connections V1 and Vo. Then

ch(E ® F) = ch(E) - ch(F).
Proof. The curvature of the tensor product bundle is
Fy,gv, = Fy, ®idp +idg ®Fv,.
The exponential map satisfies
exp(A ® id+id ®B) = exp(A) @ exp(B),

SO
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To conclude this section we will specialize to the case where X is a
compact Kéahler manifold.

Proposition 2.3.10. Let E — X be a complex vector bundle over a compact
Kahler manifold X . Ifn is any real (1,1)-form representing c¢1(E), then there
exists a Hermitian metric on E whose Chern connection has curvature Fy
satisfying

)

tr(Fo) = n.
27TT(V) n

Proof. Begin with an arbitrary Hermitian metric h on E, and let Fy be
the curvature form of its Chern connection. Then 4 tr(Fy) is a real (1,1)-
form representing ¢;(FE). By assumption, the given real (1,1)-form 7 also
represents ¢ (E), so their difference
- ()
E— I‘ —
o v n
is exact. By the global 90-lemma, there exists a smooth real function f such
that ) ]
¢ i A=
—tr(Fy) —n = —00f.
5 tr(Fv) —n=5_-00f
Define a new Hermitian metric h = efh. The curvature F of the Chern
connection associated to h satisfies

F = Fy + 98f,
and so ) ) .
L (F) = — t2(Fy) — —98f =1
2 2 V)T o ’
Thus, the new metric has the desired property. ]

2.4 Chern Classes for Flat and Projectively Flat
Bundles

In this section we will look at how Chern classes behave when the under-
lying vector bundle is equipped with a flat connection or a projectively flat
connection. We will begin with the flat connections and state the following.

Theorem 2.4.1. Let L be a complex line bundle over a complex manifold
X. Then L admits a flat connection if and only if c1(L) = 0.

Proof. If L admits a flat connection, then clearly ¢;(L) = 0. Conversely,
suppose that ¢;(L) = 0. Let V be a connection on L and denote its curvature
by Fy. Then Fy = dn for some 1-form 7. From 1.2.2 we know that the space
of connections is an affine space, so consider the new connection

V' =V-n.
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Denote the connection 1-forms for V and V' by w and w’ respectively. Then
locally,
Fg =dw' =d(w—1n) =dw—dn=Fy —dn=0.

Therefore, V' is a flat connection on L. O

Definition 2.4.2. A projectively flat bundle is a complex vector bundle F
over a complex manifold X equipped with a connection V whose curvature
Fy satisfies

Fy=17® idg

for some closed 2-form n € A?(X). In other words, the curvature is propor-
tional to the identity endomorphism of E. If 5 = 0, then the connection is
flat, so every flat bundle is projectively flat, though the converse does not
necessarily hold.

Proposition 2.4.3. Let E — X be a projectively flat bundle of rank r over
a complex manifold X. Then its total Chern class can be expressed in terms
of the first Chern class and its rank as follows:

() = (1+22)

r
Proof. Since F is projectively flat, it admits a connection V with curvature
Fy =n®idg

for some 2-form n on X. The total Chern class is given by

)= [ae (14 )]

Note that det (I + ﬁFv) is the determinant of a diagonal matrix with each
diagonal entry 1+ 5-7, so

. . T
det (T+ L Fg) = (14+-20) .
27 2

Now, recall that ¢1(F) is represented by
? 7

. .
—tr(Fy) = —ntr(idg) = .
5 T(Fv) = o _ntr(ide) = 5

Therefore,

and so
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Proposition 2.4.4. Let E — X be a projectively flat bundle over a complex
manifold X. Then the bundle End(E) admits a flat connection.

Proof. The endomorphism bundle End(E) is naturally isomorphic to E*®E.
The curvature of E* is given by

Fy,. = —n®idgs,
so the curvature of E* ® E is
Fy,ev, = Fy,.®idp +idp @Fy, = —(n®idp-)®idg +idp- @(n@idg) = 0.
Thus, E* ® E admits a flat connection, so End(E) does as well. O

Proposition 2.4.3 also yields formulas for the total Chern characters ch(E)
and ch(E*) for a projectively flat bundle and its duals in the following way:

ch(E) = rexp (icl(E)> and  ch(E") = rexp <—ic1(E)> .
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Chapter 3

Hermite—Einstein Vector
Bundles

Hermite—Einstein vector bundles form a central object of study in the inter-
section of differential geometry, algebraic geometry, and gauge theory. These
bundles provide a bridge between the notion of stability in algebraic geom-
etry and the existence of canonical metrics on vector bundles in differential
geometry. The study of these vector bundles originates from the famous
Kobayashi—Hitchin correspondence, which proved that a holomorphic vector
bundle admits a Hermite—Einstein metric if and only if it is slope polystable
[18].

Moreover, Hermite—Einstein vector bundles are connected with the the-
ory of Yang—Mills connections, which arise in both mathematics and physics.
In the physical setting, Hermitian Yang—Mills connections describe energy-
minimizing configurations in gauge theory, particularly in the context of
string theory and compactifications on Calabi—Yau manifolds.

This chapter introduces the Hermite—Einstein condition for vector bun-
dles, explores the relationship between Hermite—Einstein metrics and stabil-
ity, and discusses the Chern classes of these bundles, which capture essential
topological information.

3.1 Hermite—Einstein Condition

To motivate the consideration for Hermite-Einstein vector bundles, let us
begin by recalling what Einstein’s field equations state. Suppose that (X, g)
is a Riemannian manifold. The Einstein field equation is given by

1
RiC = §S+T7

where S'is the scalar curvature of g and 7' the so-called stress-energy tensor.
Now in our case T'= 0 and so we obtain the following definition:

34



Definition 3.1.1. A Riemannian manifold (X, g) is called Einstein if the
Ricci tensor Ric is proportional to the metric g. That is

Ric = Ag,
for A e R.

Consider now a compact Hermitian manifold (X, ¢g) and the fundamental
form w = ¢g(J(—),—). By definition, (X, g) is Kéhler if and only if dw = 0
or equivalently if J is parallel with respect to the Levi—Civita connection of
g. Now g can be viewed as a Hermitian metric on the tangent bundle of X
and instead of asking if the Ricci curvature of the Levi—Civita connection on
the tangent bundle of X is proportional to g, we can ask the same question
about the curvature Fy of a Chern connection V associated to a Hermitian
metric on any holomorphic vector bundle (E, h) over (X, g).

Clearly, we are trying to generalize the definition above and since it
depends on the Ricci curvature, we start with the curvature tensor Fy of
E. This is an End(E)-valued 2-form so locally on a framed open set we can
write

FV:ZQ§-®€j®€i

= Z (Z R;agdza A diﬁ) ®e e

Now, the Ricci tensor is given by tracing over the Levi-Civita connection on
the tangent bundle of X. We will do something similar here and consider
the trace/contraction of Fy with the fundamental form w. However, tracing
with the form w is not as straightforward as it sounds. What we will do is
consider the adjoint A of the Lefschetz operator to define this. Recall that
the Lefschetz operator L : AP4(X) — APTLITL(X) is given by

a— oaA\w.

Let e : AP9(X) — APTL9(X) be the operator given by o — dzF A o and
define ey, : AP9(X) — AP X) similarly. Recall now also that the wedge
product has the interior product as its adjoint. Denote these by ¢, and
respectively. Now

Lla)=aAw
= ig;pa N dz? A dz”

= Z igj,-gejék(a).
j?k
The adjoint A is thus given by

A=—i Zgjklkbj.
7,k
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Applying this yields
Ay =A (Yoo oe)
A (X (X R pdz na) @ el @)
=> (Z R A (dz" A dzﬁ)) ®e ®e;
=iy (Z gO‘BR;aB) ®el @ e;.

Note that multiplying by ¢ gives iAFy = ) (Z g*? R;.a B) ®el ®ep. In
literature you might see AFy being denoted by K and called the mean
curvature. This is defined by setting Kj’ = go‘ﬁR;.aB and K(§) = K}gjei,
for a section &€ = &'e;. There is also the mean curvature form obtained by
setting K5 = hz,;Kj’ and f((f, n) = Kj,;gjﬁk. Using this we will define the
Hermite—Einstein condition as follows:

Definition 3.1.2. A Hermitian metric A on a holomorphic vector bundle F
is called weakly Hermite—Einstein if there exists some real function A for
which

iNFy = Aidg .

If A is a constant, we say that h is Hermite—Einstein.

Proposition 3.1.3. (i) Every Hermitian line bundle (L,h) over a com-
plex manifold X satisfies the weak FEinstein condition (with respect to
any Hermitian metric g on X ).

(ii) If (E, h) over (X,g) satisfies the (weak) Einstein condition with factor
A, then the dual bundle (E*, h*) satisfies the (weak) Einstein condition
with factor —\.

(1ii) If (E1, h1) and (Eo, ha) over (X, g) satisfy the (weak) Einstein condition
with factors A1 and A2, respectively, then their tensor product (E1 ®
Es, hq ® ha) satisfies the (weak) Einstein condition with factor A1 + \a.

(tv) The Whitney sum (Ey & Ea, h1 & hs) satisfies the (weak) Finstein con-
dition with factor X if and only if both summands (E1,h1) and (Ea, h2)
satisfy the (weak) Einstein condition with the same factor \.

Proof. (i) The curvature Fy of the Chern connection V is an imaginary
(1,1)-form. It follows that iAFy = AiFy is a real-valued function on
X and hence satisfies the weak Einstein condition.

(ii) Suppose that V is the Chern connection on F and iAFy = Aidg. Then
the induced connection V* on E* has curvature Fg; = —F% . Thus

iINFS = iN—FL) = iAN(FL) = —\idp,
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i.e. the dual bundle (E*, h*) satisfies the (weak) Einstein condition
with factor —A\.

(iii) Recall that on E; ® Ea, the curvature is given by Fy,gv, = Fv, ®
idg, +idg, ®Fy,. We obtain

iNFy, gv, = iAFy, ®idg, +idg, ®Fyv,)
= iAFy,) ® idg, +idg, ®IA(Fy,)
— M\ idp, ®idg, +idp, @A idp,
= (M + A\)idg,eE, -

(iv) If (Ey @ Eq, h1 @ hy) satisfies the (weak) Einstein condition with factor
A, then given the connection V = V; + Vg3 on F; & E», the curvature
is given by Fy = Fy, + Fy,. This gives

)\idElEBE2 =iAFy
= iA(FVl + FVQ)
= iAFvl + iAFV2.
It follows that iAFy, = Aidg;. Conversely, if both summands (E1, h)
and (Ea, he) satisfy the (weak) Einstein condition with the same factor

A, then
iINFy = iA(Fv1 + FVQ)

— iAFy, 4+ iAFy,
= Nidg, +Aidg,
= \idp e, .
O

The Einstein condition imposes a strong restriction to possible sheaf mor-
phisms. To see this we will state the following useful result which is mostly
based on the maximum principle by E. Hopf.

Theorem 3.1.4. Let (E,h) be a Hermitian vector bundle over a compact
Hermitian manifold (X, g). Let V be the Chern connection of E, Fy its
curvature, and K the mean curvature.

(i) Iff( is negative semi-definite everywhere on X, then V€ = 0 for any
holomorphic section § of E and K(§,&) = 0.

(ii) ]ff( is negative semi-definite everywhere on X and negative definite at
some point of X, then E admits no non-zero holomorphic sections.

Proposition 3.1.5. Let (E1,hy) and (Ea2, ha) be Hermitian vector bundles
over a compact Hermitian manifold (X, g) satisfying the (weak) Einstein
condition with factors A1 and Ao, respectively. If Ao < A1, then each sheaf
homomorphism f : 1 — Ey is zero.
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Proof. Let f : E1 — FE5 be a morphism of sheaves. The map f is a global
holomorphic section of E} ® Ey, which satisfies the weak Einstein condition
with factor A — A1. Now Since Ay — A1 < 0 we have that

AFY,9v, = (A2 = M) idg gk,
<0,
i.e. AFy,gv, is negative definite and hence f = 0. O

Generally speaking, these kinds of Hermite-Einstein metrics are not easy
to describe, but they exist relatively frequently and the benefit is that those
holomorphic bundles that admit such a metric can be described algebraically
as we will see later on.

3.2 Vanishing Theorems

We will now consider some consequences of the Hermite-Einstein condition
on the sections of a holomorphic Hermitian vector bundle (F, h) over a com-
pact complex manifold X.

Lemma 3.2.1 (Bochner). If f € Q%(X) is a real-valued function such that
Af >0, then Af =0 and f is constant.

The vanishing theorem we are aiming for follows from Bochner’s result
and the following lemma.

Lemma 3.2.2. Let U C X be an open subset. For a holomorphic section
¢ € HY(U,E) we have that

Ah(€,€) = —iM(FyE, €) +iA|VE],
where Fy denotes the curvature of the Chern connection on (E,h).

Proof. Let ¢ € H°(U,E) be a holomorphic section. Then as the Chern
connection is compatible with A we have that

dh(g, &) = h(VE, &) + h(g, VE).

Also as V%! = 9 for the Chern connection and ¢ is holomorphic, V¢ is of
type (1,0). A type comparison yields

Oh(&, &) = h(VE,§).
It follows that

OOh(E, &) = don(&,€)
= dh(VE,§)
= h(Fy§, &) — h(VE, V),
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since generally for a p-form n € AP(U, E) and 1-form 3 € Q' (U, E) we have

dh(n, B) = h(Vn, B) + (=1)Ph(n, V5).

So all in all

AR(€,€) = iA(ODR(E, )
= —iA(9ON(E,€))
= —iAW(Fg€, &) +iA(VE, VE)
= —iAR(Fyé, &) +iA|VE2

O

Proposition 3.2.3. If (E,h) is a Hermite—Einstein vector bundle over X
with proportionality factor A < 0, then E has no non-trivial global holomor-
phic sections. If \ = 0, then V& =0 for every ¢ € H'(X, E).

Proof. Let € be a global holomorphic section. Then V¢ is of type (1,0) and
locally

VE=D m@dd.

Now

iAW(VE,VE) =AY h(nj,mk)dz? A dzF
4.k
4.k

and for each point p € X there are local coordinates with g/%(p) = §/%. It
follows that
iAR(VE,VE) > 0,

and the equality holds when V& = 0. Lemma 3.2.2 gives
AR(E,€) = —iMh(Fg€, &) + iA|[VEP,

and since Fy € A%(X,End(E)) we can write it locally on a framed open set
UasFy=), Q; ® e’ @ e;. where Q; = R;aﬁdza Adz? denote the curvature
2-forms. Writing ¢ = £¥e, we obtain Fyé =Y ijj ® e; and so

hFgE,€) = h(QE @ e;,EFey)
= QLI (e;, er)
= hikﬁﬁ-fjé’“

= hix Rl 5 dz N dZP.
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We obtain
AR(FgE,€) = —ihing™ Rjos€ "
= ~ig™ Rjosh(£.€),
which yields —iAh(FyE, &) = —gaﬁRﬁaﬂh(ﬁ,f) and the Hermite—Einstein
condition gives

Thus
Ah(€,€) = —Ah(&, &) +iA|VE~.

When A < 0 we have AR(£,£) > 0 and Bochner’s lemma implies that
Ah(£,6) = 0 and h(&,€) is constant. Since both of the terms —Ah(¢, )
and iA|V¢|? are non-negative, they both vanish. In particular V& = 0 and

h(&€) =0,
ie. £€=0. O

Theorem 3.2.4 (Kobayashi). Let (E, h) be a Hermite—FEinstein vector bun-
dle over X with proportionality factor \. For the bundle E®" @ E*®° the
following holds:

(i) If A <0, then H*(X, E®" ® E*®%) =0 for r > s, and for every
¢ H(X, B © ")
we have that V& = 0.

(ii) If A = 0, then for any ¢ € HO(X, E®" @ E*®%), V& = 0 holds for all r
and s.

(ii3) If X > 0, then HO(X, E®" @ E*®%) = 0 for r < s, and for every
g c H()(X, E®7" ® E*@T)
we have that V& = 0.

Proof. Recall that the tensor power E€" of a Hermite-Einstein bundle F is
Hermite-Einstein with proportionality factor 7\ and the dual bundle E*®$
is Hermite-Einstein with proportionality factor —s\. It follows that E®" @
E*®% is Hermite-Einstein with proportionality factor (r — s)A. All of the

statements now follow from Proposition 3.2.3 by analyzing the sign of (r —
s)A. O

Corollary 3.2.5. If (E, h) is a Hermite—Einstein vector bundle over X with
proportionality factor A =0 and £ € HY(X, E) has a zero, then & = 0.
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Proof. Let € € HY(X, E), then the above theorem states that V& = 0 and
S0

dh(§, &) = h(VE,€) + h(&, VE) =0,
hence h(E,€) is constant. If there exist p € X with &(p) = 0, then

h(§,€) = h(&(p),&(p)) =0,
and so £ = 0. O

3.3 Chern Classes of Hermite—Einstein Vector Bun-
dles

Throughout this section, let (F, h) denote a Hermitian vector bundle of rank
r over a compact Hermitian manifold (X, g), where w denotes the associated
fundamental form of the metric g. Most of the considerations here follow
Kobayashi’s treatment [10] and Liibke’s proof [11] for an inequality involving
the first and second Chern classes.

We begin with a useful formula for the wedge product of a real (1,1)-
form with powers of the fundamental form. Let (g!,...,€") be an unitary
coframe on X such that

w= zz e¥ N EY.

Ifn=1iY n,5%A &% is a real (1,1)-form, then the wedge product n A w™ !

is given by
_ 1
nAwW' = - (Z%a) w".

The next lemma provides another formula that will be used in subsequent
computations involving Chern classes.

Lemma 3.3.1. Let (¢!,...,e") be an unitary coframe on the Hermitian
manifold X. For any indices o, B,7,6 € {1,...,n}, the following identity
holds:

n

—on, ifa=Fandy =0, a7,
nn—1e"ANPATANEA =W, ifa=6and B=", a#p,

0, otherwise.

Proof. The fundamental form w is given by

n
w=1 Z A AEN
A=1
Raising w to the (n — 2)-th power, we obtain

wnf2 — Z-n72 § :EI /\gl,
I
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where the sum is over all multi-indices I = (Ay,..., A\p—2) with 1 < A\ <
- < Ap_g <n, and

T ANEl =M ABM AL A2 A2,
Now consider the wedge product
EXNEPNET NS AW

Expanding w™ 2, the term e* A&% Ae¥ A&° survives only if it pairs with terms
from w” ™2 such that all n e-type forms and &-type forms are accounted
for exactly once. This follows from the antisymmetry of wedge products:
repetition of any * or £* results in the term vanishing. To compute explicitly,
we analyze the different cases. First, if « = 8 and v = § with a # v, we
obtain e* A &% = e A &% and €7 A8 = &7 A &Y. These contribute negatively
because the wedge product introduces a (—1)-sign when permuting (g7,&7)
to align with the order in w™~2. Thus, the term contributes —w”. For the
second case we have a = § and 8 = v with a # (. Here, e* A &8 and P A ¥
naturally align in w™ =2 without any sign issues. The contribution is positive
w". Finally, if («, 8,7,d) do not satisfy the above cases, there are repeated
indices or mismatched pairings, which result in the entire wedge product
vanishing due to antisymmetry or incomplete pairing in w™ 2. O

Using Lemma 3.3.1, we obtain the following expressions for the first two
Chern classes when we wedge them with the fundamental form.

Proposition 3.3.2. Let (E, h) be a Hermitian vector bundle of rank r over
a compact Hermitian manifold (X, g) of dimension n, with associated funda-
mental form w. Then the following identities hold:

1

(B, V)2 A" 2 = i —1) n(n— .

> RaaRys — RayRyaw”,

a,y

n—2 __
(B, V) A" = s n =) (ZRMRW Ros Ry
— > RijaaRjivy + ) Riijma> w
Proof. For the first identity, recall that

ci(E,V) = 27rz 5= 2W2Rjags AEP

Therefore

1 .
e (B,V)? ZQJ AQEF = ~13 ZR;QBR,’;SE“ NEP NET AE.
/I
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Consider now
n—=1)> GAQAW" T =n(n—1)Y R RE N NTNE AW
By Lemma 3.3.1, the right-hand side simplifies to

- Z(Ra&RW — RayRyg)w"
and so

1

(B, V) A" 2 = =1

Z (RQ@RA/:Y - Roﬁ/Rq@) w™.

We proceed similarly for the latter identity. Recall that

1 )
exB.9) =~ 3 10k - 2
- ’ I RE ) e* AP =5
= —g (ZR]aﬁRk’Yg_RkaﬂR]fyd) e*ANEPNET NEC.
Considering
ik ik n— & N Y o
n(n—1) Y (UAY-ND) A2 = 1) (3] B SRE 5 — B SR 5) AP ne A Aw

and using Lemma 3.3.1 again, we obtain
—1)Y R R e NP N AE NG = =) (RagRyy — RagRya)o”
as before and for the latter term
i pk _ 5 2
—n(n —1) Z R;caBijSga NEPNEY NES AN W2,

observe that the indices j and k are being summed over. By relabeling the
indices appropriately and applying the symmetry properties of the curvature
tensor, we can rewrite the sum as:

YRR =D RijagBiss.

Applying Lemma 3.3.1 once more, the second term becomes:
n(n—1) ZRkaﬁ i 5E NP NV NES Aw™ 2 —Z(ij@RkjW — RjiayRijya) w
Combining both contributions, we have:

n(n—1)> (WA - A A2 =

—Y (RaaRyy = RayRya) 0" = Y (RjkaaRijys — Rikas Rijra) "
Then, divide by n(n — 1) to get:
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(LA - AN A2 =

1
m < - Z RoaRyqy — Roylya — Z RjkaaRkjyy — Rjkam/Rkjya)w

Substituting this into ca(E, V) we finally obtain:

CQ(E, V) A w”_2 = 7’L — 1 <Z RaaR'y’y R’ya

+Y RjkaaRijry — Rjka“‘/ka@> w
O

Proposition 3.3.3. Let (E,h) be a Hermitian vector bundle of rank r over
a compact Hermitian manifold (X, g). Then the following inequality holds:

ZRUQ’Y Jiva ZRaﬁRvo’z > 0.

a7’y
Equality is achieved if and only if
TR;QB = 61R0¢ﬁ’

Proof. To establish the inequality, we consider the trace-free part of the
curvature tensor. Define

. 1.
T =R Z~Ra5,

jaB = TjaB T

where R,5 = >_; R;:aB is the Ricci curvature. Since T;aﬁ is the trace-free

part, its squared sum satisfies

0< Z jaB JaB

Expanding this expression, we have

7 1 7 _
0< Z ( jaB > <Rjab’ r J'Roz,3>
= RéaﬁRéaﬁ Z‘VRZ aplfap + 225151 RopRo5-

Since R;a 5= R, this simplifies to:

i i 1
0= 2 Bjapliap ~ Z RogRag+ 5> RapRag:
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Reorganizing terms, we find:

1
) — —
D iz 2 — D Raglap.
Using the symmetry of the curvature tensor, the first term can be rewritten
as:
Z Rz]a'y Jiyar
Similarly, the Ricci curvature term simplifies to:

Y ResRya.

Thus, we obtain:

Z Rwav jiva Z ROfYRV& 20,

as required. Equality holds if and only if T;a 5= 0, which implies:

RZ

I 5;-Ra3 = 0.

This gives:

rR:

_ 5t
0B = 0: R o5,

which completes the proof. O
We are now ready to prove the following theorem

Theorem 3.3.4 (Liibke). Let (E, h) be an Hermitian vector bundle of rank r
over a compact Hermitian manifold (X, g) of dimension n with fundamental
form w. If (E,h) satisfies the weak Einstein condition, then

/ ((r — D1 (B, h)? — 2ren(E, b)) Aw™2 <0,
X

and the equality holds if and only if (E,h) is projectively flat.
Proof. Proposition 3.3.2 yields the following formulae:

2 1

(B, V)P A" m

Y RaaRys — RasRyaw”,

a,y

CQ(Ev v) A wn—2 = n _ 1 <ZRQQR’Y’Y a’R &

- Z RijaaRjivs + ) Riijjm> w"

Now consider
((r = L)ei(E,h)? —2rco(E, b)) .
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n—2

Substituting the above expressions and wedging with w”~, we obtain

((r — Vei(E, h)* — 2rea(B, b)) Aw™ ™2 = = D) (Z RayRya =1 Y Rijas ma)

Proposition 3.3.3 asserts now that
ZRO“YRV@ - ZRUM jiva S
a7"/

which implies
((7" — e (B, h)2 —2reo(F, h)) AW 2 <0.

Finally, integrating over X yields the desired inequality:

/ ((r — Der (B, h)? — 2r ea(E, b)) Aw"™ <0,
X

and the equality holds if and only if (E, h) is projectively flat. O
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Chapter 4

Stability

The motivation for slope stability has its origins in the work of Mumford in
geometric invariant theory. We will follow closely the treatment of Friedman
[8] and Okonek, Schneider and Spindler [12].

4.1 Slope Stability

We will begin this section by defining the degree.

Definition 4.1.1. Let E be holomorphic vector bundle over a compact Kéah-
ler manifold (X,w). The degree of E is defined to be the integer

deg(F) := /Xcl(E)/\w"_l,

where ¢;(F) is the first Chern class of E.

Definition 4.1.2. Let E be holomorphic vector bundle over a compact Kéah-
ler manifold (X,w). The slope of FE is defined to be the rational number

_ deg(E)

WE) =)

Definition 4.1.3. A holomorphic vector bundle E over a compact Kéhler
manifold (X,w) is called slope stable (resp. slope semistable) if for all
proper, non-zero coherent subsheaves F C E with 0 < rk(F) < rk(E), the
following inequality is satisfied:

p(F) < p(E)  (resp. <).

Remark 4.1.4. An alternative definition for the slope without the Kéhler
condition would be to ask X to admit a polarization L — X and define
deg(E) = (c1(E) - er(E)" 1, [X]).
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In Definition 4.1.11 it is important to note that stability must be checked
on coherent subsheaves and not only on subbundles. To illustrate why this
is, consider the complex projective plane P? and a point p € P2. Then
Ext!(Z,,Op2) = C, where T, is the ideal sheaf and so there is a non-trivial
extension

0 —— Op E—1T, 0.

As H°(P? Kp2) = H°(P?,0(-3)) = 0, the Cayley-Bacharach property is
satisfied [9, Thm. 5.1.1] and so E is a vector bundle. Now the first Chern
class is additive over short exact sequences so

c1(E) = c1(Op2) + c1(Z,) = 0,

which yields that p(E) = 0. However, Op2 is a subsheaf of E and p(Op2) =0
so pu(Op2) £ p(E). That is, E is not stable. On the other hand, as Op2 and
T, are stable of the same slope, F is semistable so any destabilizing subbundle
would first and foremost be a line bundle and have slope zero. If L C E is
such a line bundle, then L 2 Op2 (The Picard variety of P? is isomorphic to
Z). Note now that

Hom(Op2, E) = C.

Therefore, any morphism Op2 — FE is, up to scalar, the composition with
the inclusion Op2 — FE from the short exact sequence. In particular, the
image of Op2 — F is precisely this subsheaf, which is not a subbundle at the
point p, as the stalk of Z, fails to be locally free at p. Hence, although Op:
injects into F as a subsheaf, it is not a subbundle.

Note that for the determinant line bundle det(E), we have

c1(E) = c¢1(det(E)),

and so deg(E) = deg(det(E)). This observation allows us to generalize the
notion of the degree to arbitary coherent sheaves.

Definition 4.1.5. A coherent sheaf F on a complex manifold X is called
reflexive if F = F**.

The kernel of the natural map F — F** is exactly the torsion subsheaf
of F, and as the induced map F, — F,* on stalks for any z € X is an
isomorphism, it has a trivial kernel which in turn implies that F is torsion-
free. Moreover, due to a result by Scheja [13], the singular set of a reflexive
sheaf F has codimension at least three.

Definition 4.1.6. Let F be a coherent sheaf over a complex manifold X.
The determinant bundle of F is defined by

r

det(F) := /\]:**.
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Due to [12], reflexive sheaves of rank 1 are line bundles. Since the dual
A" F* is reflexive of rank 1, det(F) is a line bundle and so we define the
degree of F to be the degree of det(F).

Remark 4.1.7. As E =2 E** holds for vector bundles, the generalized def-
inition does not affect Definition 4.1.1. In fact, this is the reason we are
considering the double dual instead of the dual only.

The slope u(F) of a coherent sheaf F over a complex manifold is then

given analogously by
det(F)

W) =)

Definition 4.1.8. A torsion-free coherent sheaf £ over a compact Kéhler
manifold (X,w) is calle slope stable (resp. slope semistable) if for all
proper, non-zero coherent subsheaves 7 C &£ with 0 < rk(F) < rk(F), the
following inequality is satisfied:

W(F) < ul() (resp. <).
Proposition 4.1.9. If

0 & F g 0,

is an exact sequence of coherent sheaves over a compact Kdhler manifold
(X,w), then

k(&)
rk(F)

rk(G)

wF) = rk(F)

n(€) +

1(G).

Proof. Recall that the first Chern class is additive over short exact sequences.
That is
c1(F) = (&) + a(9),

and similarly for the rank. These give
(rk(€) + rk(G))u(F) = deg

=de
=rk(&)u(€) + rk(]:)ﬂ(]:)a

o

which yields

O

Proposition 4.1.9 allows us to restate stability and semistability of F in
terms of quotients instead of subsheaves.
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Proposition 4.1.10. Let F be a torsion-free coherent sheaf over a compact
Kihler manifold (X,w). Then F is stable (resp. semistable) if and only if

u(F) < p(Q)  (resp. <)
holds for any quotient sheaf O with positive rank.

Proposition 4.1.11. Let £ and F be semistable coherent sheaves over a
compact Kahler manifold (X,w). Then:

(i) If w(&) > u(F), we have Hom(E, F) = 0.
(ii) If W(€) = u(F) and if € is stable, we have
rk(€) = rk(im(f)),
and f is injective unless f = 0.
(11i) If p(€) = p(F) and if F is p-stable, we have
rk(F) = rk(im(f)),
and f is generically surjective unless f = 0.

Proof. (i) Suppose that f is non-zero and consider the sequence
E —— im(f) — F.

Since £ and F are p-semistable, we obtain a contradiction from
u(€) < pim(f)) < pu(F) < p(€).

(ii) Suppose that f is non-zero and that rk(£) > rk(im(f)). Then since &£
is stable, we obtain

p(im(f)) < p(F) = p(€) < p(im(f)),
which is impossible.
(iii) As F is stable, if rk(F) > rk(im(f)), then
p(im(f)) < p(F) = p(€) < p(im(f)),

which is again impossible.

O]

Corollary 4.1.12. Let E and F' be semistable vector bundles over a compact
Kahler manifold (X,w) of the same rank and degree. Then if E or F is stable,
any non-zero morphism f : E — F is an isomorphism.
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Proof. The morphism f is injective by Proposition 4.1.11. The induced
morphism det(f) : det(E) — det(F) is also non-zero. Consider det(f) as
a holomorphic section of the line bundle Hom(det(E), det(F)) = det(E)* ®
det(F') and note that this has degree 0. Recall now that any holomorphic
section of a degree 0 holomorphic line bundle over a compact Kahler manifold
has no zeroes unless it vanishes identically. It follows that det(f) is an
isomorphism and thus f is an isomorphism. O

Corollary 4.1.13. If F is a semistable sheaf over a compact Kdhler man-
ifold (X,w) such that deg(F) < 0, then F admits no non-zero holomorphic
sections.

Proof. Note that any non-zero holomorphic section s € H(X,F) yields a
map f: Ox — F. This gives maps

Ox —— im(f) —— F,

and 0 = pu(Ox) < p(im(f)) < u(F) < 0 yielding a contradiction. O

Definition 4.1.14. A coherent sheaf F on a complex manifold X is called
simple if
End(F) = C.

Corollary 4.1.15. If E is a stable vector bundle over a compact Kdhler
manifold (X,w), then End(E) = C. That is, E is simple.

Proof. Consider f: E — FE and let A be an eigenvalue of the map f: F, —
E, on fibers for x € X. Suppose that f # Aidg. Note that since E is stable,
and f — Aidg is a non-zero morphism from FE to E, Corollary 4.1.12 implies
that f — Aidg is an isomorphism. However, an invertible linear map cannot
have 0 eigenvalue so

f=Mdg.
O

Proposition 4.1.16. Let £ and F be torsion-free coherent sheaves over a
compact Kahler manifold (X,w). Then € ® F is semistable if and only if £
and F are both semistable with equal slopes.

Proof. Suppose that £ and F are semistable with slope A. Then

_deg(€) +deg(F)  rk(E)A+rk(F)A
HEDF) = @) T rk(F) k(&) 1ok

Let G be a subsheaf of £ @ F, set G = G N (€ & 0) and denote by Go the
image of G under £ & F — F. Since £ and F are p-semistable,

deg(G;) < Ark(G;).
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It follows that

1(G) = deg(G1) + deg(Go)

Tk(G) + 1K(Ga) <A=ulEBF).

Conversely, if £ @ F is u-semistable, If G is now a subsheaf of £ or F, it is a
subsheaf of the direct sum £ @ F also. Now as £ and F are both quotients
and subsheaves of £ ® F, we obtain equality for the slopes and

w(G) <€D F) = u&) = pu(F).

Proposition 4.1.17. Let

0 & F g 0

be a short exact sequence of coherent sheaves on (X,w). Then the following
equivalences hold:

wE&) < u(F) = u(F) < u(9),

and

w(&) > uF) = u(F) > ug).

4.2 The Harder—Narasimhan Filtration

In this section we establish the existence and uniqueness of the Harder—Narasimhan
filtration for any torsion-free coherent sheaf on a compact Kéahler manifold.

This filtration decomposes an arbitrary sheaf into a tower of semistable quo-
tients with strictly decreasing slopes. It provides a canonical way to mea-

sure and compare the degrees of instability of subsheaves, and underlies
many deep results in the theory of moduli of sheaves and in the analysis of
Hermite—Einstein metrics. We begin by showing that the slopes of all sub-
sheaves are uniformly bounded above, which allows us to pick out a maximal
slope component. Iterating this construction yields the full filtration, whose
uniqueness follows from a simple slope-comparison argument.

Lemma 4.2.1 (Boundedness of slopes). There exists an integer mg (depend-
ing only on F and the Kdhler form w) such that

w(G) < mg for every coherent subsheaf G C F.

Proof. Recall that every coherent torsion-free sheaf is locally a subsheaf of a
trivial bundle of the same rank so it suffices to bound the slopes of subsheaves
of a holomorphic vector bundle E of rank r. Fix a Hermitian metric h
on F. If L C E is a holomorphic line subbundle, choose a local unitary
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frame {ej,...,e,} so that e; spans L. Writing the curvature of the Chern
connection of L as

r
A aA
SocB = R%aﬁ - ZAla Alﬁ?
A=2

where A is the second fundamental form, we have

1/2
SERED DERS SINIED SIENED L IEY U oMY
« SN [e] t,a t,a
which is independent of L. As

deg(L) = /X i ZSagaa ANeP AWl = /X ﬁ <Z Sa@) w",

we note that the degree is bounded below by a constant go(E) only depending
on E and w. Considering the higher rank case, if F' C E has rank p, then
det F' — APFE is a line subbundle. Applying the above bound to APE shows
w(F) = Ldeg(det F) < %qo(ApE). Setting

0
p
— 1

gives the desired uniform bound. O

Lemma 4.2.2 (Maximal destabilising subsheaf). Let (X,w) be a compact
Kahler manifold and let F be a torsion-free coherent sheaf on X of positive
rank. Then there exists a unique coherent subsheaf

.7'—1C.7'—,

often called the maximal destabilising subsheaf, which satisfies all of the fol-
lowing properties:

(i) The quotient F/F; is torsion-free.

(ii) For every coherent subsheaf G C F,
(@) < p(F1).

(1it) If G C F satisfies 1(G) = u(Fi), then

rk G < rk Fi.

Consequently, F1 is semistable.
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Proof. By Lemma 4.2.1 the set {(G) | G C F} is bounded above, say by
mg. Choose a subsheaf

Fi CF with p(F) = sup{u(G)},

and among those of slope p(F;) pick one of maximal rank. Its saturation is
still denoted Fi, and after saturation, F/JFy is torsion-free, so (i) holds by
construction, and (ii) is built into the choice of maximal rank.

Suppose a proper subsheaf H C Fj violates semistability. Then either
w(H) > p(Fr) or w(H) = wu(F1) with rk(H) > rk(Fy), both contradict
property (ii) or the maximal rank property. Hence Fj is semistable.

Regarding uniqueness, assume another subsheaf 7| C F also satisfies (i)
and (ii). If /3 C F] and F| C F; both failed, one of them is not contained
in the other; without loss of generality, assume F; ¢ Fj. Let

w: F = F/F,

be the natural projection. Because F; ¢ Fj, its image 7(F1) is a nonzero
subsheaf of F/F]. Consider the pullback 7~ !(7(F7)); we have an exact
sequence

0 > y 7w (F)) —— w(F1) —— 0
and, inside Fi,

0 > G > Fi » m(F1) —— 0

where G := ker(F; — 7(F1)). Because Fi is semistable, the quotient satisfies
w(n(F)) = plF). 1)
Next, apply (i) and (ii) to the subsheaf
K =Y (n(F)).

Since rk K > rk F{ (because 7(F1) # 0), condition (ii) forces a strict inequal-
ity

u(K) < u(F1).
Write 7' := rk F|, s := rkm(F;), and degrees deg’ and deg, for F| and
7T('Fl)a

_ deg’ +deg, _ deg’

!
1(K) s = uF):
Clearing denominators yields
deg, r’ < deg's, ie. pu(r(F1)) < p(F). (2)
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Combining (1) and (2) gives

p(F1) < p(r(Fr)) < p(Fp) = p(F),

a contradiction. Hence our assumption was impossible, so F; C Fj. A
symmetric argument shows F] C Fi, therefore F; = Fj. O

Theorem 4.2.3 (Harder—Narasimhan). Let F be a torsion-free coherent
sheaf over a compact Kdihler manifold (X,w). Then there exists a unique
filtration by subsheaves

O0=FCF C--CFp1 CFy=7F,

such that, for 1 < i < n, the quotients F;/F;—1 are semistable of slope p;
satisfying
B1 > p2 > > .

Proof. Set Fo = 0. Having constructed

OZfonlC'”C./_"k

with each successive quotient Q; = F;/F;_1 w-semistable, we proceed as
follows: The quotient F/Fy is torsion-free, so by Lemma 4.2.2 it has a
unique maximal destabilising subsheaf

‘Tk—i-l C f/]:k
Pull this back under the natural projection 7: F — F/Fj:
fk+1 = W_1(7k+1) C F.

By construction, F C Fri1, the quotient Fj1/Fr = Fii1 is semistable of
slope pu(Fi+1/Fr), and w-saturation ensures F/Fiiq is torsion-free.

Each step strictly decreases either the rank of the quotient F/Fj or its
slope, but rank cannot drop below zero, so after finitely many steps F,, = F.
This yields the desired filtration

O=FyCFHC---CF=F.
By construction each F;/F;_1 is the maximal-slope subsheaf of F/F;_1, so
p(Fi) Fie1) > i(Fi1/Fi),

giving p1 > pg > -+ > py,. Uniqueness of each successive F; C F/F;_1 by
Lemma 4.2.2 forces the entire filtration to be unique. This completes the
proof of the Harder—Narasimhan filtration. O
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4.3 Stability for Hermite—Einstein Vector Bundles

Our goal in this section is to prove that the Hermite-Einstein condition on
an indecomposable holomorphic vector bundle (E, h) over a compact Kahler
manifold (X, w) is sufficient for E to be stable.

We will begin this section by introducing the second fundamental form
and use it to present the fundamental principle that “curvature decreases in
holomorphic subbundles”.

First, we will recall how quotient bundles are defined.

Definition 4.3.1. Let E — X be a holomorphic vector bundle over a com-
plex manifold X, and let ' C E be a holomorphic subbundle. Then the
quotient bundle F/F is defined as the complex manifold obtained by taking
the fiberwise quotient of E, by the subspace F, for each € X. More pre-
cisely, for each x € X, consider the fiber E, and its subspace F, and let
(E/F)y == E;/F,. The collection {(E/F), | x € X} forms a holomorphic
vector bundle E/F over X whose dimension at each z is dim(E,) —dim(F}).

Note that any Hermitian metric h on FE restricts naturally to a Hermitian
metric on the holomorphic subbundle F'. Indeed, since F, C FE, is a subspace
for each x € X, and the metric h, on E, is a positive-definite inner product,
its restriction to F, remains positive-definite. Thus, hp := h|p defines a
Hermitian metric on F.

Similarly, given a Hermitian metric h on F, one would like to induce a
Hermitian metric on the quotient bundle E/F. For this, one can choose a
smooth splitting

E=Fa&F*,

where F is the orthogonal complement of F with respect to h. Note that F-
need not be a holomorphic subbundle in general. Despite this, F'- provides
a smooth isomorphism of complex vector bundles

E/F = F*.

Via this identification, h induces a Hermitian metric on E/F'. If, under addi-
tional conditions, '+ happens to be a holomorphic subbundle (for example,
if there is a holomorphic splitting), then E/F inherits a holomorphic struc-
ture compatible with this metric. Otherwise, F'/F still inherits a Hermitian
metric as a smooth complex vector bundle. This construction allows us to
consider the Chern connections associated with these sub- and quotient bun-
dles. If V is the Chern connection associated to (E,h), then by restricting
it to F' we obtain a Chern connection on (F,hp), and by projecting it onto
F*, we obtain a Chern connection on (E/F, he/r)-

Lemma 4.3.2. Let (E,h) — X be a holomorphic vector bundle equipped
with a Hermitian metric h, and let F C E be a holomorphic subbundle.
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Consider the direct sum decomposition induced by h:
E=F@F*+,

where F+ is the h-orthogonal complement of F. Let V be the Chern connec-
tion associated with (E,h). Define a connection V¥ on F by

VF ::FFOV,

where mp : E — F 1is the projection onto F corresponding to the chosen
decomposition. Then V¥ is the Chern connection on (F,hr).

Proof. Recall that the Chern connection V on FE is characterized by two
properties:

i) (V%) = 0g, the (0,1)-component coincides with the holomorphic
structure of F.

(ii) V is compatible with the Hermitian metric h, i.e., (Vh) = 0.

Since F is a holomorphic subbundle, it inherits a holomorphic structure Op
defined by the restriction of dg. Let s € I'(U, F) be a smooth local section
of F' (here I'(U, F) denotes the space of smooth sections on U C X of the
subbundle F'). We have:

(V) 0ls = (np o V) s = 7p(VOls) = 1p(0Rs).

But since s is actually a section of F', we have dgs € A% (U, F), that is, the
(0,1)-forms with values in F that come from the holomorphic structure will
actually lie in F', because F' is a holomorphic subbundle. Thus,

gES == 5FS.
Since Ops € A% (U, F), applying the projection 7 does nothing:
ﬂp(éEs) = 5FS.

Therefore,

(V)9 s = Ops.

This shows that the (0, 1)-component of V¥ coincides with the holomorphic
structure of F. In other words, V" is compatible with the complex structure
on F. Next, we must show that V¥ is compatible with the metric hp. Since
hr(s,t) = h(s,t) for all s,t € I'(U, F), we need to verify that:

dhp(s,t) = hp (Vs t) + hp (s, V).

Since hp is the restriction of h, we have hp(s,t) = h(s,t) for s,t € T'(U, F).
Thus:
dhp(s,t) = dh(s,t).
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Also, because V is the Chern connection on F, it satisfies metric compati-
bility with h:
dh(s,t) = h(Vs,t) + h(s, Vt).

We obtain:
dhp(s,t) = h(Vs,t) + h(s,Vt) = hp (VIs,t) + hp (s, VIT) .

Thus, V¥ is compatible with the metric. Together with the fact that (V)01 =
Or, we conclude that VI is the unique Chern connection on (F, hp). O

Let (E,h) — X again be a holomorphic vector bundle over a complex
manifold equipped with a Hermitian metric h. Let S C E be a holomorphic
subbundle and @@ = E/S the quotient bundle. Recall that @ is isomorphic
(as a smooth vector bundle) to the orthogonal complement S+ of S in E.
We have the datum of three Hermitian bundles all of which therefore admit
Chern connections V, V¥ and V¥. Consider now the short exact sequence

0 > S > B FQ 0.

The Hermitian metric h on E defines a smooth splitting
E~SeSt,
and from Lemma 4.3.2, we know that
VS =ngoV.
Consider now a local section s € I'(U, S) C I'(U, E), then
Vs eI'(T*X @ (S @ S1)),
so we have a decomposition
Vs = ®(s) + A(s)
for ®(s) € T'(U, S) and A(s) € T'(U, S*). Notice now that
Vs = ms(Vs) = ms(D(s)) + ms(A(s)) = (s)

so ® = V°. Moreover
A=V -V

maps I'(U, S) into T'(U, S*), is a difference of two connections and is therefore
C>-linear i.e. A € A'(U,Hom(S,S+)). Finally, note that

éE(S) = 55(8) S Ao’l(U7 S)
and thus _ _ _ _
AW = VOl (VO = §p — §g =g — D5 =0
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so in fact, A € AYO(U,Hom(S, S+)). The operator A is called the second
fundamental form of S in E.

We can now play the same game with the quotient @), using the identifi-
cation with S*. We define operators ¥, B : I'(U, S*) — I'(U, T*X ® S*) by
the decomposition

Vs =¥(s) + B(s),

for s € T(U,S*). ¥ ends up as the connection V?, but B is this time in
the space A% (U, Hom(S+,S)) and is the negative of the adjoint of A, i.e.
B = —A*. To see these, note that for s € I'(U, S) and ¢ € T'(U, S*) we have

0 = dh(s, 1)
= h(Vs,t) + h(s, V)
=N (Vs + As,t) + h (s, V9t + Bt)
=h (VSS, t) + h(As,t)+h (s, VQt) + h (s, Bt)
= h(As,t) + h(s, Bt).

So h(As,t) = —h(s, Bt), i.e. B=—A* € A%(U,Hom(S+,9)).
Putting these together, the connection matrix wg for F takes the form

wg —A*
wg = .
E A wg
This gives us directly the curvature matrix from the second structural equa-
tion

Op =dwg +wgp Awg

_ (dws —dA* n wg —A* A (s —A*

- \d4A  dwg A wg A wg

. dwg —dA* wsAwg —A*NA —OJS/\A*—A*/\OJQ

\dA  dwg ANws+wgNA —ANA 4wy Awg
dws +ws Nwg — A*NA —dA* —wg N A" — A" Nwg
dA+A/\w5+wQ/\A dWQ—A/\A*—I-oJQ/\UJQ

. Qg —A*NA —dA*—wS/\A*—A*/\wQ

C\dA+ANwg+wgANA Qg — AN A* '

This yields

Qg :QE|S+A*/\A,
QQ :QE|Q+A/\A*.

Definition 4.3.3 (Griffiths Positivity). Let (E,h) — X be a holomorphic
vector bundle over a complex manifold X, equipped with a Hermitian metric
h. Let V denote the Chern connection associated to (E,h), and let Q €
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ALY (End(E)) be its curvature tensor. The curvature operator €2 is said to
be Griffiths positive if for any non-zero local holomorphic section s of E and
v € T X one has

h(2(s),s)(v,v) > 0.

We write Q > 0 if Q is positive and analogously in the other cases.
Consider now the second fundamental form A € A“0(Hom(S,S+)). Since
this is of type (1,0) we have

ANAT >0,
which yields
Qs = Qpls + A" N A< Qpls,
i.e. the curvature decreses in holomorphic subbundles. Similarly
Qo =Qrlg+ANA">QFlo,

i.e. curvature increases in holomorphic quotient bundles. The main result
we aim to prove is now a simple application of this principle.

Proposition 4.3.4. Suppose E — (X,w) is an indecomposable holomor-
phic vector bundle over a compact Kdhler manifold that admits a Hermite—
Einstein metric h. Then E is slope stable with respect to holomorphic sub-

bundles S C E.

Proof. Let S C E be a subbundle and consider the smooth direct sum de-
composition F = § @ @, where Q = E/S. Recall that in this case, the
curvature g of E is given by

O — Qg —A*NA —dA*—wS/\A*—A*/\WQ
E7\dA+AANws+won A Qg — AN A* '

The End(S)-component of the Hermite-Einstein equation reads as
iNQg — A" NA) =iAQs —iIAN(A*NA) = Nidg .
Tracing over this gives
itr(AQg) —itr(A(A* A A)) = Ark(9). (4.1)

Now
—itr(A(A* A A)) = tr(A(GA A AY)) = |A%,
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and so integrating (1) yields
/ itr(AQS)w"—i-/ | A" :i/ Atr(Qg)w™ + || A2
X X X
= m/ tr(Qg) A w4 ||A|?
X

= 27Tn/ c1(S) AWt 4| A|12
X
— 270 deg(S) + || A
= Ark(S) vol(X).
Also,

2m™n

vol(X)

A= n(E),

so we have

2nn deg(S) + [|A||? = 2mnrk(S)u(E).

Note that the assumption that E is indecomposable forces ||A[?> > 0 as
otheriwse we would have a holomorphic split £ =S & (). This gives

2mnrk(S)u(E) = 2mn deg(S) + ||A||> > 27wn deg(S),

i.e.

u(E) > pu(S).

4.4 The Kobayashi—-Hitchin Correspondence

In the previous section we saw that any indecomposable holomorphic vec-
tor bundle admitting a Hermite-Einstein metric must be stable. We now
turn to the converse implication, namely that polystability guarantees the
existence of a Hermite-Einstein metric. This equivalence is known as the
Kobayashi—Hitchin correspondence, and lies at the crossroads of complex
differential geometry and algebraic geometry.

Originating in independent conjectures of Kobayashi and Hitchin in the
late 1970s, and established in full generality by Donaldson and Uhlenbeck—Yau,
the correspondence asserts that on a compact Kéahler manifold (M, w) a holo-
morphic vector bundle E admits a Hermite—Einstein metric if and only if
F is polystable. In particular, when F is indecomposable, polystability is
equivalent to stability, and so one obtains a precise bridge between an alge-
bro-geometric criterion (slope stability) and an analytic one (the Hermite—
Einstein PDE).

We have already established in Proposition 4.3.4 that an indecomposable
Hermite—Einstein bundle must be stable. The converse requires the deep
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analytical machinery developed by Donaldson and Uhlenbeck—Yau. Let us
state the key components:

Theorem 4.4.1. Let E be a holomorphic vector bundle on a compact Kdhler
manifold (X,w). If E is stable, then E admits a Hermite—Einstein metric,
which is unique up to a constant multiple.

Combining our previous results with Theorem 4.4.1, we obtain:

Corollary 4.4.2 (The Kobayashi-Hitchin Correspondence). An indecom-
posable holomorphic vector bundle E over a compact Kdihler manifold (X, w)
admits a Hermite—Finstein metric if and only if it is stable.

We present a brief overview of the proof strategy developed by Simpson
[14], which combines the approaches of Donaldson and Uhlenbeck—Yau. The
key idea is to use the heat flow method to deform an arbitrary Hermitian
metric towards a Hermite-Einstein metric.

Let E be a stable holomorphic vector bundle on (X, w). Fix a background
Hermitian metric hg on E and consider the evolution equation

%h;l = — (iA,Fy, — Nidg), (4.2)
where h; is a smooth family of Hermitian metrics on E, Fj, is the curvature
of the Chern connection associated to hy, and A = Vfl’(r?() w(E).

The right-hand side of (4.2) measures the failure of h; to satisfy the
Hermite—Einstein condition. Using the theory of parabolic partial differential
equations, one can show:

(i) Short-time existence: There exists a solution to (4.2) on some in-
terval [0, 7).

(ii) Long-time existence: Using a priori estimates, the solution can be
extended to [0, 00).

(iii) Convergence analysis: Either the solution converges to a Hermite—
Einstein metric as t — 0o, or one can extract a destabilizing subsheaf,
contradicting the stability of E.

The crucial analytical input is the following regularity result:

Definition 4.4.3. A weakly holomorphic subbundle of E is an L? sec-
tion 7 of End(E) with L? first-order weak derivatives satisfying

r=n"=n and (idg—7)odr =0,

where 7* denotes the adjoint with respect to hyg.
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The conditions ensure that 7 is a projection operator compatible with
the holomorphic structure. The technical achievement of Uhlenbeck—Yau is:

Theorem 4.4.4 (Uhlenbeck—Yau Regularity). Any weakly holomorphic sub-
bundle of a holomorphic vector bundle over a compact Kdhler manifold cor-
responds to a coherent subsheaf in the ordinary sense.

This allows one to convert analytical obstructions to convergence into
algebraic destabilizing subsheaves, completing the proof by contradiction
when F is stable.
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Chapter 5

The Atiyah Class

5.1 Atiyah Class via Cech Cocycles
Let X be a complex manifold (or more generally a paracompact topological
space) and let F be a sheaf of Ox-modules on X.
Definition 5.1.1. An open cover of X is a family U = {U;}ier of open
subsets of X such that
x=Ju.
el

For any finite ordered tuple (i, . ..,%,) we set

Uio...ip = Uio N Ui1 N---N Uip‘

Definition 5.1.2 (éech p-Cochains). The group of Cech p-cochains of F
with respect to the cover U is
cru,F) = [ FUi-i,)
(io<-<ip)
An element ¢ € CP(U, F) is a collection {¢,...i, } with @4..;, € F(Usy...i,,)-

Definition 5.1.3 (Cech Differential). The Cech differential §: CP(U, F) —
CPH(U, F) is defined by

p+1
k
(590) 90 iptl Z(_l) SOiO"'{;c"'ip+1 U ’

k=0 0rrip 4

where the hat means omission of that index and the restriction is to the
smaller intersection.

Definition 5.1.4 (Cocycles, Coboundaries).
(i) A p-cochain ¢ € CP(U,F) is a cocycle if ¢ = 0. The subgroup of such
is denoted ZP(U, F).
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(ii) A p-cochain is a coboundary if there exists ¥ € CP~Y(U, F) with ¢ =
d1p. The subgroup of these is BP(U, F).

Definition 5.1.5 (éech Cohomology). The Cech cohomology of the cover

U is the quotient

o _ZP(U,F)
HP (U, F) = BT

Passing to the direct limit over all open covers of X gives the sheaf coho-
mology HP(X,F), which for good covers agrees with the derived functor
cohomology HP(X,F).

Example 5.1.6. A Cech 1-cocycle is a collection {ay;} € Z'(U,F) with
a;j € F(U;NUj) satisfying

Ozjk—aik—i—aij:() on UiﬁUjﬁUk.

Two such cocycles differ by a coboundary o;; = B — B; for some {f;} €
co'U, F).

Remark 5.1.7. In practice one often works with a good cover (each finite
intersection is Stein or contractible), so that Cech cohomology computes the
sheaf cohomology HP (U, F) = HP(X,F).

We now specialize to the case F = Q% ®0, End(€) and explain how
the Atiyah class of a holomorphic vector bundle £ — X arises as a Cech
1-cocycle.

Now let E — X be a holomorphic vector bundle and denote by £ its sheaf
of holomorphic sections. By Definition 1.2.6, a holomorphic connection on
FE is a C-linear map of sheaves

V:E—= QL€

which satisfies the Leibniz rule. Although a global V need not exist, locally
on each member of a good cover U = {U;} one can always choose

Vi: €|, = e,
a holomorphic connection. On overlaps U;; = U; N Uj, the difference
a; = V;=Vi: &y, = U @ €|y,
is Ox—linear, hence defines
ay; € (Ui, O ® End(E)).
One checks immediately that on triple overlaps

ajp — Qg + a5 =0 in F(Ui NU; N Uy, Qﬁ( ®8nd(8)),
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so {ay;} is a Cech 1-cocycle in Z'(U, Q% @ End(£)). Different choices of the
local V; change {«;;} by a coboundary in B!, and hence define a well-defined
class

AE) = [{ay}] € HY(U, Ok ® End(€)) = HY(X, Q% ® End(E)).

The essential thing to note here is that A(F) acts as an obstruction for the
existence of a holomorphic connection on E.

Definition 5.1.8. The Atiyah class of the holomorphic bundle F is the
cohomology class

A(E) € H'(X, Q% ® End(€))
represented by the Cech cocycle {aj}

Proposition 5.1.9. A holomorphic vector bundle E admits a holomorphic
connection if and only if its Atiyah class is trivial.

Proof. If E admits a holomorphic connection V, then V restricts to each
Vi, hence V; — V; = 0 and the cocycle is trivial. Conversely, suppose that
A(E) = 0. Pick local trivializations ¢; : E|y, — U; x C* and note that the
local connections are of the form V; = 9 + A;, for A; a matrix of 1-forms.
These glue to a global holomorphic connection if

90;10(84—%11-)0@01- :Sp;lo(@—kAj)ogoj.
Equivalently if
-1 -1 -1 -1
@; 00opi—p;0dopj=p; oAjopj—p; 0oy
Note that
-1 -1 _ -1 -1
p; 00opi—piodopj=p; o (wij 8(%)) © .
Thus the gluing condition becomes
0t 0pii =0 tAj o — o 1A o
7 (¥ (P] J (PJ 901 i Pi-

But the left-hand side is exactly the Cech cocycle representing A(FE), and
the right-hand side is the coboundary

(97 45 05) — (97 Ai ) = 8 (07 As i)y

Since this cocycle is a coboundary by assumption, it follows that we can
choose the local A; so that the local holomorphic connections V; = 9 +
A; satisfy the gluing condition. Hence they define a global holomorphic
connection on F, completing the proof. ]
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The following theorem gives a geometric interpretation for the Atiyah
class.

Theorem 5.1.10. Let (E,h) be a holomorphic vector bundle equipped with
a Hermitian metric h, and let V denote its Chern connection. Then

[Fy] = A(E) € H'(X,Qy © End(€)),
where [Fy] denotes the Dolbeault cohomology class of Fy .

Proof. The key to relating the curvature Fy of the Chern connection with
the Cech cocycle representing the Atiyah class A(F) is the double complex
which connects Cech and Dolbeault resolutions. This allows us to identify
the Dolbeault cohomology class of Fy with the Cech class of the cocycle
{ai;} described above.

Let U = {U;} be a good open cover of X trivializing E, with local
holomorphic trivializations v; : E|y, — U; x C". On each U;, the Hermitian
metric h is given by a positive-definite Hermitian matrix H;, so that for
sections s, t of E over U,

h(s,t) = (i(s), Hitbi(t))cr-

The Chern connection V is the unique connection compatible with both the
holomorphic structure and the Hermitian metric. On U, it is expressed as

V=0+0+A,
where A; is a matrix of 1-forms, and the (1,0)-part of A; is given by
A; = H;'0H;

so that V/ = 9 + A; is compatible with h.
The curvature Fy of the Chern connection is a global (1,1)-form with
values in End(F), and locally on U; is given by

FV|Ui = 5(HZ-_18HZ')

in the trivialization 1);. Consider now the Cech-Dolbeault double complex.
Under the Dolbeault—Csech correspondence, the Dolbeault cohomology class
[Fy] is mapped to the Cech cocycle

{Ui, ¥ " o (0(H; '0H;)) o 1bi}
and its Cech coboundary &g is given by

5o (Fy) = {Uij, vto (5(H;16Hj)) o1 — ;Lo (A(H; L0H;)) o ¢Z} .
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But since 0 commutes with restrictions and the transition functions ¢;; =
;0 wi_l : Uij = GL(r,C) are holomorphic, we have

it o (Hy OH;) o by = vyt (H OH)ij + 55 .
Therefore,
;o (Hy '0H;) o4bj — ;" o (H; '0H;) o ¢
= (v (7 0wy + v 0vy) — (H'OH;)
= o Oiy + by, (H T OH )iy — (H ' OH;).

But the terms involving Hi_lﬁHi combine to a coboundary in the Cech
complex, so the remaining cocycle is given by

{Uij7 %}181%‘} ;
which is precisely the Cech 1-cocycle representing the Atiyah class A(E), as
constructed above. Thus, under the Dolbeault—Cech isomorphism,
[Fy] = A(E) € HY(X, Q% ® End(€)).
This completes the proof. O

Corollary 5.1.11. If a holomorphic vector bundle E has a holomorphic
connection, then all the rational Chern classes vanish.

5.2 Atiyah Class via Extension Classes

In this section, we describe another important viewpoint on the Atiyah class
through the language of extension classes. We begin by recalling general
facts about extensions and Ext groups.

Definition 5.2.1. Let X be a topological space and consider sheaves of
modules F,G over a sheaf of rings R on X. An extension of G by F is an
exact sequence

0 F & g 0
Two extensions

0 —F —&—G—0, 0 —F —=& —G—0

are said to be equivalent if there exists an isomorphism & BNy making the
following diagram commute:

0 F £ g 0
|1
0 F & g 0



Definition 5.2.2. The set of equivalence classes of extensions of G by F
naturally forms an abelian group under the Baer sum. This group is called
the extension group and is denoted by

Exth (G, F).

More generally, the Ext groups can be computed as derived functors of
the Hom functor:

ExtR (G, F) = R Homr/(G, —)(F),
where Homg (G, —) is viewed as a left-exact functor.

Remark 5.2.3. When R is the sheaf of holomorphic functions Ox on a com-
plex manifold X, and F,G are coherent sheaves, the groups Ext’bx (G, F)
can be computed using Cech cohomology and locally free resolutions.

We now turn to the specific situation relevant to the Atiyah class. Let
FE be a holomorphic vector bundle on a complex manifold X, and denote by
£ the corresponding locally free sheaf of holomorphic sections. Recall the
tangent bundle T’x and its sheaf of holomorphic sections Q2x.

Consider the exact sequence of vector bundles associated with the first

jet bundle JY(E) of E:
0 — U oFE — J(E) — E —— 0.

Here, J!(F) is defined as the bundle whose fiber at a point x € X consists
of equivalence classes of germs of holomorphic sections of E at x, modulo
equivalence up to first-order.

This exact sequence gives rise to a short exact sequence of sheaves of
O x-modules:

0 — N ®wE—s JE) —E—>0
Definition 5.2.4 (Atiyah Extension). The short exact sequence of sheaves
0 — N ®E—s JH(E) ——E—>0

is called the Atiyah extension of £.

By general theory, this short exact sequence defines an element in the
extension group:

[TH(E)] € Extd, (£,0k ® ).

On the other hand, by using duality, we have a canonical isomorphism

Exty (€, Q% ® €) = H' (X, Q% ® End(€)).

69



Definition 5.2.5 (Atiyah Class via Extension). The Atiyah class A(E) is
defined as the extension class of the Atiyah extension:

A(E) = [T4&)] € HY(X, Q% ® End(E)).

This gives a purely algebraic characterization of the Atiyah class in terms
of extensions of sheaves. Thus, we have two equivalent viewpoints of the
Atiyah class: one via Cech cocycles arising from differences of local con-
nections, and another via extension classes involving the first jet bundle of
E.

We summarize this important fact in the following proposition:

Proposition 5.2.6. Let E — X be a holomorphic vector bundle. Then
the Atiyah class A(E) coincides with the class represented by the Atiyah
extension:

A(E) = [74E)] € HY(X,Qk ® End(E)).

Moreover, A(E) vanishes precisely when the Atiyah extension splits holomor-
phically.

Thus, the vanishing of the Atiyah class corresponds precisely to the ex-
istence of a holomorphic splitting of the Atiyah extension, or equivalently,
to the existence of a holomorphic connection on F. This viewpoint provides
another powerful algebraic tool to study the geometry of holomorphic vector
bundles.

To illustrate the usefulness of this viewpoint we will show that any holo-
morphic vector bundle on a Stein manifold admits a holomorphic connection.

Definition 5.2.7. A complex manifold X is called a Stein manifold if it
satisfies the following properties:

(i) For any two distinct points z,y € X, there exists a holomorphic func-
tion f € O(X) such that f(x) # f(y).

(ii) For every compact subset K C X, the holomorphically convex hull of
K,

K= {w € X :|f(x)| <sup|f(y)| for all f € (’)(X)},

yeK

is compact in X.

Proposition 5.2.8. Let X be a Stein manifold, and let E be a holomorphic
vector bundle over X. Then E admits a holomorphic connection.

Proof. The existence of a holomorphic connection on E is equivalent to the
vanishing of the Atiyah class

A(E) € HY(X, QL ® End(€)),
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where & is the locally free sheaf of holomorphic sections of E. By Proposition
5.2.6, the vanishing of A(F) is equivalent to the holomorphic splitting of the
Atiyah extension

0— Qo — JE) —E—0

where J1(€) is the sheaf of holomorphic 1-jets of £. On a Stein manifold,
Cartan’s Theorem B [7] asserts that the higher cohomology of any coherent
analytic sheaf vanishes. In particular,

HY (X, Q% @ End(€)) =0,

since both Q% and nd(€) are locally free, hence coherent, and the tensor
product of coherent sheaves is coherent.

Therefore, the extension class defining the Atiyah extension is zero, so
the sequence splits holomorphically. This splitting yields a holomorphic con-
nection on F. O
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Chapter 6

Flat Bundles and Holomorphic
Connections

This chapter looks at the relationship between flat holomorphic vector bun-
dles, representations of the fundamental group, and the vanishing of the
Atiyah class. The goal is to understand to what extent the existence of
a holomorphic connection—or, equivalently, the vanishing of the Atiyah
class—characterizes those bundles which arise from representations of the
fundamental group.

Recall that the Atiyah class of a holomorphic vector bundle £ — X,
denoted A(E) € H'(X, Q% ® End(E)), vanishes if and only if £ admits a
holomorphic connection. We aim to compare:

e The class of holomorphic vector bundles over X that admit a flat holo-
morphic connection.

e The class of holomorphic vector bundles whose Atiyah class vanishes
(i.e., those that admit some holomorphic connection, not necessarily

flat).

The key question is: When do these two classes coincide? In other words,
when does the existence of a holomorphic connection automatically imply
the existence of a flat one?

We begin by developing the general theory of flat holomorphic vector
bundles and their correspondence with representations of the fundamental
group. We then focus on the special case of curves, where every holomorphic
connection is automatically flat, discuss the situation on projective spaces,
and finally address the subtleties that arise in higher dimensions.

6.1 Flat Vector Bundles and Representations

Let X be a connected complex manifold. In this section, we focus on holo-
morphic vector bundles admitting a flat connection, and relate them to rep-
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resentations of the fundamental group of X.

Definition 6.1.1. A holomorphic vector bundle £ — X of rank r is called
flat if there exists an open cover {U; };cr of X and holomorphic trivializations
i+ E|ly, = U; x C" such that the transition functions

Pij U, N Uj — GL(T, C)
are locally constant, i.e., constant on each connected component of U; N Uj.

Alternatively, a holomorphic vector bundle FE is flat if it admits a holo-
morphic connection V with zero curvature, i.e., Fy = 0. We now make
precise the equivalence between these notions and their connection to repre-
sentations of the fundamental group. Let X denote the universal cover of X,
with covering projection p : X — X. Given a representation p : m (X, o) —
GL(r,C), there is a canonical way to associate a holomorphic vector bundle
to p as follows:

Definition 6.1.2. The bundle associated to p is
Ep = (X X (Cr)/ﬂ'l(X,a}o),
where 71(X, z¢) acts on X x C" by

v (%) = (v T, p(7)v)-

The projection E, — X is holomorphic, and E, is a holomorphic vector
bundle of rank 7.

Proposition 6.1.3. Let E — X be a holomorphic vector bundle. The fol-
lowing are equivalent:

(i) E admits a flat holomorphic structure, i.e., an open cover {U;} with
locally constant holomorphic transition functions p;;.

(i) E admits a holomorphic connection V such that Fy = 0 (i.e., a flat
holomorphic connection).

(1it) E is isomorphic to E, for some representation p : w1 (X, z9) — GL(r, C).

Proof. (i) = (ii): Suppose E is defined by locally constant transition
functions ¢;;. On each U;, the trivial bundle admits the standard holomor-
phic connection d. Since the transition functions are constant, these local
connections patch to a global holomorphic connection on F, as for s a local
section and on U; N Uj,

d(pijs) = pijds,
so the operators agree. Moreover, d?> = 0 locally, so the global connection
is flat: Fy = 0. (i) = (i): Suppose V is a flat holomorphic connection
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on F. By the existence and uniqueness theorem for ordinary differential
equations, for each simply connected open subset U C X, parallel transport
with respect to V trivializes E|y, giving a holomorphic frame ey, ..., e, on
U such that Ve; = 0. On U; N Uj, the change of basis matrix between
two such frames is necessarily constant, as parallel sections are determined
by their initial values. Thus, the transition functions are locally constant.
(i) = (iii): Let E be a holomorphic vector bundle with locally constant
transition functions ¢;; with respect to some cover {U;}. Choose a base
point zg € X and a trivialization of E at x¢. Lifting to the universal cover
X, the pullback p*E is trivial, as the monodromy of E corresponds to the
representation p : m(X,z9) = GL(r,C) defined by the transition matrices
around loops based at xg. Thus, E is isomorphic to E,. (iii) = (ii):
On X x C7, define the trivial holomorphic connection d. This connection is
invariant under the diagonal (X, xg)-action:

d(y - (Z,v)) = d(v - &, p(y)v) = p(7)dv,
and thus descends to a flat holomorphic connection on E,. O

Proposition 6.1.4. Let f : X — Y be a holomorphic map, and let E be
a flat holomorphic vector bundle on Y corresponding to a representation p :
m1(Y,y0) — GL(r,C). Then the pullback bundle f*E is flat, and corresponds
to the representation po fi : m (X, x0) = (Y, y0) = GL(r,C).

Proof. The map f induces a group homomorphism f, : 71 (X, z0) = 71(Y, v0).
The pullback bundle f*FE' is constructed so that, locally, the transition func-
tions of f*E are the pullbacks of the transition functions of E, and hence
remain locally constant. On the universal cover, f lifts to a map f XY
equivariant for the fundamental group actions, so f*F is isomorphic to the
bundle associated to the representation p o f,, and the flat connection on E
pulls back to a flat connection on f*FE. O

Proposition 6.1.5. Let E, and Ey be flat holomorphic vector bundles on
X associated to representations p,p’ : (X, xz9) = GL(r,C). Then E, = E,
as holomorphic vector bundles if and only if there exists A € GL(r,C) such
that p'(y) = Ap(y)A™L for all v € 71 (X, x0); that is, p and p' are conjugate
representations.

Proof. Suppose E, = E,y. Such an isomorphism lifts to a 7 (X, zg)- -equivariant
holomorphic bundle map on X x C”, i.e., a holomorphic map F : X x C" —
X x C of the form F(&,v) = (&, Av) for some A € GL(r,C), such that

F(7'('%7U>):7‘F(§3ﬂv)

for all v € m (X, x0). Expanding both sides gives
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while
V- F(Z,0) =7 (&, Av) = (v- &, p'(7) Av).

7,

Therefore, Ap(y)v = p'(y)Av for all v, i.e., p'(7) = Ap(y)A™L.
Conversely, given A with p/(y) = Ap(y)A~L, the map (Z,v) — (T, Av)
descends to an isomorphism of the associated bundles. O

Proposition 6.1.6. Let E and F be flat holomorphic vector bundles over
X . Then the bundles E® F, EQ F, E*, A*E, and Sym*E are also flat.

Proof. Suppose I} = E, and F' = E,, with p : m(X,29) — GL(r,C) and
P’ m(X,z9) — GL(s,C). Then:

e & F is associated to the block-diagonal representation p & p';
e £ ® F is associated to the tensor product representation p ® p';
e FE* is associated to the dual representation p*;

e A*E is associated to the k’th exterior power of p;

e Sym”E is associated to the k’th symmetric power of p.

In all cases, the resulting representation is a representation of m (X, xg), so
the associated bundle is flat. O

Remark 6.1.7. Proposition 6.1.6 can be also proven using the fact that on
the level of connections, the induced connection (on the sum, tensor, dual,
etc.) of flat connections is again flat.

6.2 Flatness on Curves

We now explore the relationship between flat holomorphic vector bundles
and bundles with vanishing Atiyah class, especially in the setting of complex
curves. The primary result of this section is the equivalence between flatness
and the vanishing of the Atiyah class for vector bundles over curves.

Recall from the previous chapter that the Atiyah class A(E) € HY(X, QL ®
End(E)) of a holomorphic vector bundle F — X measures the obstruction to
the existence of a holomorphic connection. Explicitly, we have Proposition
5.1.9 stating that a holomorphic vector bundle £ — X admits a holomorphic
connection if and only if its Atiyah class vanishes, i.e., A(E) = 0. Thus, the
vanishing of the Atiyah class corresponds exactly to the existence of a global
holomorphic connection. However, the existence of a holomorphic connection
alone does not guarantee that such a connection is flat. Flatness imposes
the additional condition of zero curvature. Nonetheless, in the special case
of complex curves, the situation simplifies significantly.
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Theorem 6.2.1 (Flatness Criterion for Curves). Let X be a complex man-
ifold of dimension one (a complex curve). A holomorphic vector bundle
E — X admits a holomorphic connection if and only if it admits a flat
holomorphic connection. In other words, on a complex curve, the vanishing
of the Atiyah class characterizes flat vector bundles precisely:

A(E) =0 <= E is flat.

Proof. Let E — X be a holomorphic vector bundle over a one-dimensional
complex manifold (curve) X, and suppose E admits a holomorphic connec-
tion V. By definition, the curvature of V is given by:

Fy € H(X,0% ® End(E)).
However, since dimg X = 1, the holomorphic 2-forms vanish:
0% =0.
Thus, necessarily:
Fy =0.

Therefore, every holomorphic connection on a curve is automatically flat.
Conversely, any flat connection is clearly a holomorphic connection. Hence,
the existence of a holomorphic connection implies flatness on curves, yielding
the equivalence. O

Corollary 6.2.2. Fvery holomorphic vector bundle on the Riemann sphere
P with vanishing Atiyah class is trivial.

Proof. Since 71(P!) = 0, any flat vector bundle must be trivial. By Theo-
rem 6.2.1, vanishing Atiyah class implies flatness, thus triviality. O

Corollary 6.2.3 (Flat bundles on projective spaces). Let n > 1. FEuvery
holomorphic vector bundle on P™ with vanishing Atiyah class is trivial:

AE)=0 = Ex~0Og).

Proof. Tt is a classical fact [12, Thm. 2.1.1] that a vector bundle on P" is
trivial if and only if its restriction to every line is trivial. The previous
corollary ensures triviality on each line (which is isomorphic to P!), hence
global triviality. O

On compact curves, an even more refined description holds. We have
Weil’s celebrated theorem:

Theorem 6.2.4 (Weil). Let X be a compact Riemann surface (curve),
and let E be an indecomposable holomorphic vector bundle on X. Suppose
deg(E) = 0. Then E admits a flat holomorphic structure.
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This theorem further implies that on compact curves, the existence of
a holomorphic connection, flatness, and the vanishing of all rational Chern
classes coincides with the vector bundles whose indecomposable components
have degree zero.

Corollary 6.2.5 (Classification of flat bundles on compact curves). Let X be
a compact Riemann surface and E — X a holomorphic vector bundle. Then
E admits a flat structure (equivalently, vanishing Atiyah class) if and only
if every indecomposable summand in its decomposition into indecomposable
bundles has degree zero.

Proof. Decompose E as a direct sum of indecomposable bundles:
E=FE @ - @ E.

Each summand FE; must individually admit a flat connection if E' does. By
Weil’s theorem, this occurs precisely when deg(FE;) = 0. Conversely, a direct
sum of flat bundles is clearly flat. O

6.3 Projective Manifolds

As we have seen, on complex curves these notions coincide: every holomor-
phic vector bundle with vanishing Atiyah class is flat. However, in higher
dimensions, the relationship between the vanishing of the Atiyah class and
flatness becomes significantly more subtle.

In this section, we will first consider results established by Atiyah [1] in
1957 and then follow the more recent results of Biswas [3].

A key result Atiyah proposed in his paper was that the existence of
a holomorphic connection on a projective manifold X can be checked by
analyzing a suitable surfaces inside X. More precisely:

Proposition 6.3.1 (Atiyah [1]|). Let X be a projective manifold with dim X >
3, L an ample line bundle, and E a holomorphic vector bundle on X. Then
there exists an ng such that for all larger n and all smooth hypersurfaces S
with Ox(S) = L™, the Atiyah class of E vanishes if and only if the Atiyah
class of E|g vanishes.

Proof. The implication A(E) = 0 = A(F|s) = 0 follows directly from
functoriality of the Atiyah class. We prove the converse. Let F' be any vector
bundle on X, and write F'(n) := F'® L"™. For a smooth hypersurface S C X
with [S] = Ox(n), there is a standard short exact sequence of sheaves:

0 —— F(—n) F Fls 0
Set F = QL ® End(E), so the sequence becomes

0 —— Q% ® End(E)(—n) —— Q% ® End(E) —— Q%

7

® End(E|s) —— 0



Passing to cohomology, we obtain the long exact sequence:

<o —— HYX, Q% ® End(E)(—n)) ——— HY(X, Q) ® End(E)) U

L HY(S, Q%] ® End(E|g)) —— H*(X,Q% ® End(E)(—n)) — ---

s
By Kodaira vanishing, for large enough n and 7 < 3 < dim X,
H{(X, Q% @ End(E)(—n)) =0,
so for n > ny,
H' (X, Q% ® End(E)) = H'(S, Ok |¢ ® End(E|s)).

The inclusion S < X induces the short exact sequence of vector bundles on

S:

0 Ts Tx|s Nxjs —— 0

where Ny/g = Og(S) = L"|s. Dualizing and tensoring with End(E|s) gives:
0 —— End(E|s)(—n) —— Qk|s ® End(Els) —— QL ® End(E|g) —— 0
The associated long exact sequence in cohomology contains:
HY(S,End(E|s)(—n)) — H(S,Q%|s ® End(E|s)) 2 HY(S, 0L @ End(E|s))

Under the isomorphism above, the image of A(E) in H!(S, Q% |s®End(E|s))
maps via ¢ to the restriction A(F|g). It remains to show ¢ is injective for
large enough n. Consider again the exact sequence with F' = End(E)(—n):

0 —— End(E)(—2n) —— End(E)(—n) —— End(E|g)(—n) —— 0

By the same vanishing, H!(S,End(E|s)(—n)) = 0 for n > 0. Thus ¢ is
injective for all sufficiently large n, and A(FE|s) = 0 if and only if A(E) =
0. O

Corollary 6.3.2. Let X be a projective manifold with dim X > 3 and E
a holomorphic vector bundle on X. Then there is a complete intersection
S C X of dimension two such that

AE) =0 <= A(E|g) =0

Atiyah gives an explicit example showing that Theorem 6.3.1 does not
hold if dim X = 2 and neither that Weil’s theorem (Theorem 6.2.4) can be
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generalized to higher dimensions. In particular, for vector bundles on higher-
dimensional varieties, the vanishing of all Chern classes does not guarantee
the existence of a holomorphic connection, nor can one always check the
existence of such a connection by restricting to curves.

Let Y = P!, Z an elliptic curve, and X = Y x Z. Fix a point (yo, 20) € X
and consider the subvarieties

Yo=Y x {ZO}, Zy = {yo} x Z C X.
Let my, mz denote the projections onto the factors. The canonical bundle of
X is
Kx = W;Ky &® W*ZKZ = W;O[[M(—z) = Ox(—2ZO),

where Ox(Zp) denotes the line bundle associated to Zy. Consider the short
exact sequence for Zy:

0 —— OX(ZO) E— O_)((QZ()) —_— OZO — 0
Tensoring with Ox(2Zp) gives

0 —— OX(ZQ) —_— OX(QZ()) —_— OZO — 0
since Oz, (Zp) = Og,. Taking cohomology and using Serre duality, we obtain
HY(X, 0x(220)) & H'(Z0, 0z,) — H*(X, 0x(Z)) = H(X, Ox(~3%))" = 0.
Since Zy & Z is an elliptic curve, h'(Oz,) = 1. Thus, ¢ is surjective and
we can pick £ € HY(X,0x(2Zp)) such that ¢(¢) = n # 0. Extensions in
HY(X,0x(22y)) = HYX,Hom(Ox(—2Zy),0x(Zy))) correspond to short
exact sequences

0 — Ox(Zy) —— E —— Ox(=Zy) —— 0

representing the extension class £&. The extension F now satisfies the follow-
ing properties:

(i) The total Chern class of E is trivial. Indeed by the Whitney formula:

c(E) = c(Ox(Zo)) - c(Ox(—20))
= (1 +c1(0Ox(20)))(1 — c1(Ox(Z0)))
=1 - (Ox(Z))

But Ox(Zp) is pulled back from a point divisor on Y, so ¢3(Ox(Zp)) =
0, hence ¢(F) = 1.
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(ii) F is indecomposable. Restrict the extension sequence to Zy:

0—— OZO —_— E|ZO OZO 0

This corresponds to the nonzero class 1 in H'(Zy,Oz,), so E|z, is a
nontrivial extension and thus indecomposable. If E were decompos-
able, F|z, would be as well, which is not the case.

(iii) E does not admit a holomorphic connection. If we restrict the sequence
corresponding to £ to Yy, we obtain the exact sequence

0—— OYO(yO) — E‘Yo — OYO(_yO) —0

The extension class lies in H*(Yp, Oy, (2y0)) = HO(Yo, Oy, (—4yo))* =
0, so the sequence splits and

Ely, = Oy, (y0) ® Oy, (—yo)-

Both summands are nontrivial line bundles of degree £1 and so A(Ely,) #
0. If A(E) = 0, its restriction A(E|y,) would vanish, contradiction.
Thus E does not admit a holomorphic connection. Therefore

A(Ely) = A(Oy (y0)) @ A(Oy (=) # 0,

so the Atiyah class of E¥ cannot be zero yielding that £ doesn’t admit
a holomorphic connection.

The above calculations imply that Weil’s theorem is already false in dimen-
sion 2. That is, the vanishing of all Chern classes of an indecomposable
bundle is not a sufficient condition for the existence of a holomorphic con-
nection.

Furthermore, Atiyah [1] proves:

Proposition 6.3.3. Let E be an indecomposable holomorphic vector bundle
on X with dim X > 2. Then for every hypersurface S C X of sufficiently
high degree, E|s remains indecomposable.

Therefore, for a smooth curve C' C X of sufficiently high degree, E|c
is indecomposable with ¢(E|¢) = 1, so by Weil’s theorem and the results
of Section 6.2, A(E|c) = 0 and E|¢ is flat, while A(E) # 0 and E is not
flat. Thus, the existence of a holomorphic connection cannot be checked on
curves, and Theorem 6.3.1 does not generalize to codimension greater than
one.

We will now turn to the results of Biswas. Let X be a projective manifold
of complex dimension n, equipped with a fixed polarization, that is, an ample
line bundle L. Let w denote a Kahler form associated to L (for example, the
curvature of a positive Hermitian metric on L).

80



Theorem 6.3.4 (Biswas [3]|). Let X be a smooth complex projective mani-
fold, and fix a polarization as above. Let E be a holomorphic vector bundle
on X with vanishing Atiyah class: A(E) = 0. Assume further:

(i) The tangent bundle Tx satisfies deg(Tx) > 0, and its Harder-Narasimhan
filtration
0=FyCHhC---CFHCFp=Tx

satisfies deg(Tx /Fi) > 0;
(i) Or, more generally, suppose that Tx is not semistable, but the maximal

destabilizing subbundle F1 is locally free and the Néron—Severi group
of X has rank one:

NS(X)®Q=Q.
Then E admits a flat holomorphic connection, i.e., E is a flat bundle.

Remark 6.3.5. Condition (i) is always satisfied if Tx is semistable and has
non-negative degree (e.g., on Calabi—Yau manifolds, or abelian varieties).
The second case covers some exceptional geometries where the Néron—Severi
group is small and the maximal destabilizing subbundle is regular.

Before proving the theorem, we note the following crucial result of Simp-
son.

Theorem 6.3.6 (Simpson [15, Cor. 3.10]). Let X be a smooth projective
manifold, and let E be a holomorphic vector bundle. If E is semistable with
vanishing rational Chern classes, then E admits a flat holomorphic connec-
tion.

Thus, to deduce flatness of E it suffices to show that E is semistable and
has all ¢;(E) = 0 (the latter follows from A(E) = 0 by the Atiyah results,
see previous section).

Lemma 6.3.7. Let
0=F CFC---CFu1=Tx

be the Harder—Narasimhan filtration of the tangent bundle. If u(Tx) > 0 and
w(Tx/F;) > 0, then every torsion—free quotient of Tx has nonnegative slope.

Proof. First, recall that the Harder—Narasimhan filtration yields
0<u(Tx/F) < M(-Fi/]:i—l) for all 7.

We show by descending induction on ¢ that u(7x/F;) > 0 for alli =0,...,I.
For ¢ = [, this is by assumption. Now consider the short exact sequence

0 — Fi/Fier — Tx/Ficn — Tx/Fi —— 0
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Because the slope of a sheaf is at least the minimum slope among its semistable
subquotients, and pu(F;/F;—1) > 0 by the filtration properties, induction
vields u(Tx /Fi_1) > 0.

Next, let G C Tx be any coherent subsheaf. We prove by induction on ¢
that if G C F;, then p(F;/G) > 0.

Base case: i = 1. Here, Fj is semistable with p(F;) > 0. For any G C Fi,
the quotient F1/G is torsion-free, so by semistability,

w(F1/G) = w(F1) > 0.

Inductive step: Assume for i—1 that any G’ C F;_ satisfies u(F;—1/G") >
0. Now let G C F;.

Consider the natural map ¢ : G — F;/F;_1, and let ker ¢ and im ¢ be
the kernel and image sheaves. Then, we have the following commutative
diagram of short exact sequences:

0 0 0
0 —— kery » G imp — 0
0 — Fi1 Fi » Fi/Fici — 0

where each row and column is exact, and all quotients are torsion-free.
The middle column shows that F;/G fits into an exact sequence

0— Fi1/kerp = F; /G — (Fi/Fi—1)/imp — 0.

By induction, pu(F;—1/ker ¢) > 0, and because F;/F;_1 is semistable of slope
at least 0, any quotient (in particular (F;/F;—1)/im¢) has slope at least 0.
Since the slope of an extension is at least the minimum of the slopes of its
torsion-free quotients, we have

u(Fi/G) = 0.

Finally, if Q is any torsion-free quotient of T, it can be written as Tx /G
for some subsheaf G, so the result follows. O

Lemma 6.3.8. Let X be a complex manifold. Then every coherent Ox-
module with a holomorphic connection is a vector bundle.

82



Proof. Let F be a coherent Ox-module and
V:F=QkaF

a holomorphic connection. Let z € X be any point. Since F is coherent, its
stalk F is a finitely generated Ox z-module. Let s1,..., s, be sections of F
defined in a neighborhood of z whose images in the fiber F,/m,F, (where
m, is the maximal ideal at x) form a basis. By Nakayama’s lemma, the s;
generate F in a sufficiently small neighborhood of z. To prove that the s;
are linearly independent over Ox (hence form a local basis), suppose there
is a nontrivial relation in some neighborhood of x:

T
D pisi =0,
i=1

with holomorphic functions ¢;, not all zero. Let v be the minimal vanishing
order at « among the ¢;, i.e.,

v := min {ord,(¢;) | @i #0} >0,

since the s;(z) form a basis. Without loss of generality, assume v = ord,(¢1).
Since @1 vanishes at z, there exists a local holomorphic vector field £ such
that the directional derivative d¢ 1 has vanishing order at x strictly less than
v (this is a standard property of analytic functions: the derivative decreases
the order of vanishing if the function does not vanish identically). Apply the
connection V in the direction £ to the relation:

r

0=V¢ (Z 802'32'> = Z ((Ocpi)si + 0iVes;) .
i=1

i=1
This gives a new relation among the s;:

r

> (Oepi)si ==Y @iVesi.
i=1

i=1

But for each 4, the function ¢; vanishes at least to order v, so the right-
hand side is a linear combination of the s; with coefficients vanishing to
order at least v at . On the left-hand side, by construction, the coefficient
O¢p1 vanishes at z with order strictly less than v. Thus, this new relation
is a nontrivial relation with strictly smaller minimal vanishing order at .
Repeating this process, we construct, after finitely many steps, a nontrivial
relation among the s; with at least one coefficient not vanishing at = (i.e.,
vanishing order zero). But this contradicts the fact that the s;(x) are linearly
independent in the fiber. Therefore, there can be no nontrivial relation
among the s;, and they form a basis for F in a neighborhood of z. Thus, F
is locally free. O
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Lemma 6.3.9. Let X be a smooth projective manifold, and let
0=FyC FH C"'CJ—"[_HZTX

be the Harder—Narasimhan filtration of the tangent bundle. If F1 is locally
free and maximal semistable with positive slope, then Fi is involutive and
defines a holomorphic foliation.

Proof. Consider the Lie bracket of vector fields, inducing an Ox-linear map
[-, ] IR F — Tx/fl.

Since F1 ® Fi is semistable with slope 2u(F;) > u(F1) and every subbundle
of Tx /F1 has strictly smaller slope than Fj, this map must vanish. Hence,
J1 is involutive. O

Lemma 6.3.10. Under the conditions of Lemma 6.3.9, let E be a holo-
morphic bundle on X admitting a holomorphic connection. If F C & is the
maximal semistable subsheaf, then there is a partial holomorphic connection
along Fi, that is, a map

V:FsFeF
satisfying the Leibniz rule.

Proof. The given holomorphic connection induces a map
V:F— F®(E/F).

Since Fj has negative slope and £/F has slope strictly smaller than F, no
nonzero homomorphism can exist between these sheaves. Thus, V = 0,
giving the desired partial connection. O

Lemma 6.3.11. Let F1 C Tx be an involutive subbundle defining a folia-
tion, and let L be a holomorphic line bundle with a partial connection along
Fi. Then the (1,1)-part of the curvature of any extension of this partial
connection lies in the differential ideal generated by Ann(F).

Proof of Theorem 6.3.4. Since A(E) = 0, by Proposition 5.1.9 the bundle E
admits a holomorphic connection

V:E—=QL®E,

and by Corollary 5.1.11 all rational Chern classes ¢;(E) vanish. Hence
u(E) = 0. By Simpson’s theorem 6.3.6 it suffices to show that E is semistable.
Let

0=& cé& cé&e---CcéEL=E

be the Harder—Narasimhan filtration of £. Consider the holomorphic con-
nection

V:E-QV®E
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induced by the vanishing of the Atiyah class, i.e., A(E) = 0. Using duality
between Tx and 4, the connection V induces a C-linear homomorphism

Tx @c & — /&

by sending 6 ® s to the projection of Vys on £/&;. By the Leibniz condition,
this map is in fact Ox-linear, thus giving a homomorphism of sheaves

Lb : TX ®(’)X 51 —)8/51

Now, under condition (i), by Lemma 6.3.7, every torsion-free quotient of
Tx has nonnegative slope. Since & is semistable and has maximal slope in
the filtration, we have

w(Tx ®ox &1) = u(Tx) + p(€1) = p(&r).

Thus, the slope of any quotient sheaf of Tx ®o, &1 is at least u(&;). On
the other hand, £/&; has strictly smaller slope than ;(&;) by the definition
of the Harder—Narasimhan filtration. Therefore, the homomorphism % must
vanish.

Since 1 = 0, the connection V restricts to a holomorphic connection
on the subbundle &. By Lemma 6.3.8, & is locally free. As a coherent
sheaf with a holomorphic connection, it follows that ¢1(€1) = 0, and thus
1(€1) = 0. Since we have established p(F) = 0, we obtain & = &;. Thus, E
is semistable.

By Simpson’s theorem (Theorem 6.3.6), since E' is semistable with van-
ishing rational Chern classes, it follows that £ admits a flat holomorphic
connection.

Assume now that Tx is not semistable, but its maximal destabilizing
subbundle F; is locally free, and that

NS(X) ® Q= Q.

Let W C E be the maximal semistable subbundle. Suppose, by contradic-
tion, W # E. Then p(W) > u(E) = 0.

By Lemma 6.3.9, F; defines a holomorphic foliation. By Lemma 6.3.10,
there is a partial holomorphic connection along Fi:

VW = FroWw.

Considering det(W'), Lemma 6.3.11 implies that the (1, 1)-part of the curva-
ture of any extension of V' lies in the differential ideal generated by Ann(F7).
Thus, for sufficiently large ¢, we obtain

Cl(W)q =0.

Since NS(X) ® Q = Q, we must have ¢; (W) = mw] for some integer m,
where [w] is the Ké&hler class. However, [w]? # 0 for ¢ < dim(X), forcing
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m = 0, and thus ¢; (W) = 0. Hence u(W) = 0, contradicting the assumption
w(W) > 0. Therefore, W = E, and E is semistable.

Thus, in both cases, F is semistable with vanishing rational Chern classes,
and by Simpson’s theorem (Theorem 6.3.6), E admits a flat holomorphic
connection. O
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Chapter 7

Holomorphic Connections on
Calabi—Yau Manifolds

A recurring theme throughout these notes has been the interplay between the
topology and geometry of complex manifolds, as measured by invariants such
as the Atiyah class, and the existence of holomorphic or flat connections on
vector bundles. In the case of Calabi—Yau manifolds, this interplay becomes
especially interesting.

The main goal of this chapter is to present and analyze recent results due
to Biswas and Dumitrescu, who showed that on compact Calabi—Yau mani-
folds, every holomorphic vector bundle admitting a holomorphic connection
also admits a flat holomorphic connection.

7.1 Calabi—Yau Geometry

In this section we briefly recall the notions of Calabi—Yau manifolds that will
be used throughout the chapter. We assume the reader is familiar with the
basics of complex and Kéahler geometry, but for completeness we summarize
the key points and fix notation.

To start with, we will recall how tensor contraction is defined.

Definition 7.1.1. Let Vi,...,V} be finite-dimensional vector spaces over
any field, and let W be another finite-dimensional vector space. Suppose
a: Vi xV; — W is a fixed bilinear map for some 1 < i < j < k. The
(i, j)-contraction with respect to « is the unique linear map

traij Vi@ @V »WeVe Ve - oV,e eV,
characterized by its action on pure tensors:

VIR ®@up = a(v,v) QU R0, Q- RV ® -+ ® Vg,
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for all vy € Vp, 1 < £ < k. Here, the hat indicates omission of that factor
in the tensor product and the resulting tensor. By linearity, this extends
uniquely to all tensors in V] ® - -+ ® V.

Consider now a Riemannian manifold (X, g) of dimension n. Recall that
the Ricci tensor is defined either as the contraction of the curvature tensor

R = R ;ida’ ® da? @ da* 0,
with respect to the bilinear pairing T*X x T'X — R. More precisely,

Ric = trq,1,4(R)
= Rijli tra,1,4(dxi ® da? @ dz* @ d;)
= Rijlia(dxia Oy)da? ® dx*
= R;;j0}da? ® da*
= Rijédxj @ da*

= jkd:cj @ dz®.

Note that this corresponds to taking the trace of the endomorphism Z —
R(Z,X)Y, where X and Y are vector fields and R is viewed as a section of
End(TX)@T*X @ T*X.

Definition 7.1.2. A Riemannian manifold (X, g) is called Ricci-flat if Ric =
0.

Definition 7.1.3. The Ricci curvature Ric of a Kahler manifold (X, g) is
the real two-form given by

Ric(X,Y) = r(J(X),Y),
where 7(X,Y) = tr(Z — R(Z,X)Y) is the ordinary Ricci tensor.

Definition 7.1.4. A Calabi—Yau manifold is a compact n-dimensional Kéah-
ler manifold (X, ¢g) such that g is a Ricci-flat metric.

Lemma 7.1.5. Let (X, g) be a Kdhler manifold, and let V denote the Levi-
Cwita connection (which coincides with the Chern connection in the Kdhler
case). Then the Ricci curvature is related to the curvature of the Chern
connection by

Ric = i tr(Fy),

where Fy is the curvature of the Chern connection viewed as an End(TX)-
valued 2-form.
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Proof. Let J be the complex structure and let
€ly..yen, €1 =J(e1),...,en = J(ep)
be a local orthonormal frame. Recall that the Ricci curvature is defined by
Ric(X,Y) = tr (Z — R(Z, Y)X),

where R denotes the Riemannian curvature tensor. Since X is Ké&hler, we

have JV = VJ and consequently R(X,Y)J = JR(X,Y). Thus,

Ric(X,Y) Zg (e, Y)X,ei) + g(R(e;, Y)X, &)
= Z R(e;,Y)e;, X) — g(R(€;,Y)e;, X)
= ZQ(X7R(ei7Y)ei) + g(X, R(glv Y)g’t)

= Zg(X, R(e;, Y)e;) — g(X, R(€;,Y)e;)
=1

n

= — Z 9(X, R(e, ;)Y
=1

S (R E)XY).

i=1
On the other hand, the curvature form Fy associated to the connection V

acts as
FV(X, Y)Z = R(X,Y)Z.

Thus, taking the trace,
tr(Fy)(X,Y) = tr(Z — R(X,Y)Z)

= Zg (X,Y)ei, e) + g(R(X,Y)ei, &)
= Zg (ei,e)X,Y) + g(R(€, &)X, Y) + g(R(ei, &)X, Y)
+ g(R(ei, el-)X Y)

—ng (e;,€)X,Y)

Comparing this expression to our earlier result for the Ricci tensor, we have

Ric(X,Y) = i tr(Fy)(X,Y).
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Proposition 7.1.6. Let (X, g) be a Calabi—Yau manifold. Then ¢1(X) = 0.
Proof. The first Chern class ¢1 (X)) of a complex manifold X is defined as the
first Chern class of its holomorphic tangent bundle T*9X . If ¥V denotes the
Chern connection on 710X the curvature Fy of V is an End(7T%X)-valued
(1,1)-form. By Definition 2.3.2, the first Chern class is given by

c1(X) = [;ﬂ tr(Fv)] € H*(X,C).

By Lemma 7.1.5 above, we have the relation
Ric = itr(Fy).

Rearranging, this gives
tr(Fy) = —iRic.

Therefore, the first Chern class can be rewritten as

er(X) = [2; tr(Fv)] _ :;T(—iRic)] _ [;ﬁ Ric] .

By definition, a Calabi—Yau manifold admits a Ricci-flat Kéhler metric, so
Ric = 0. Thus,

c1(X) = [;ﬂ 0| =0€ H*(X,C).

O

Recall from Corollary 5.1.11 that if X is equipped with a holomorphic
connection, then the rational Chern classes vanish. This immediately implies
that any compact Kéhler manifold that has a holomorphic tangent bundle
equipped with a holomorphic connection is Calabi—Yau. We will now illus-
trate that if the tangent bundle of X admits a holomorphic connection, then
it also admits a flat connection. We will first recall the notion of Kéhler—
Einstein metrics.

Definition 7.1.7. Let (X, g) be a K&hler manifold with K&hler form w. The
metric g (or the form w) is called Kéhler—Einstein if the Ricci curvature
Ric is a constant multiple of the metric, that is, if there exists A € R such
that

Ric = \w.

The following theorem characterizes the possible universal covers of Kéahler—
Einstein manifolds under a vanishing Chern class condition:

Theorem 7.1.8 ([16, Theorem 2.13]). Let (X, g) be a Kdhler-Einstein man-
ifold. Then X = CP™ C" or B™ if and only if

(2(n + 1)c2(X) — ner (X)?) A w]" 2 = 0.

Here =2 means isometric up to scaling.
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Now, as a consequence of Yau’s proof of the Calabi conjecture we obtain:

Proposition 7.1.9. Let (X, g) be a compact Kahler manifold. Suppose that
the tangent bundle T X admits a holomorphic connection, equivalently, that
the Atiyah class of TX vanishes: A(TX)=0. Then TX admits a holomor-
phic flat connection.

Proof. Suppose the Atiyah class of the tangent bundle vanishes, i.e., A(TX) =
0. Therefore the tangent bundle T'X admits a holomorphic connection. Since
the existence of a holomorphic connection implies that all rational Chern
classes vanish (Corollary 5.1.11), we conclude in particular that

c1(X) =0 and c2(X) = 0.

The vanishing of the first Chern class ¢;(X) implies, via Yau’s resolution
of the Calabi conjecture, that X admits a Ricci-flat K&hler metric. Thus,
(X, g) is a Calabi—Yau manifold and consequently a special case of a Kahler—
Einstein manifold with scalar A = 0. Since ¢1(X) = 0 and c2(X) = 0, we
have:

(2(n+ 1)ea(X) — ncl(X)Q) Aw]™2=0.

Thus, by Tian’s uniformization result (Theorem 7.1.8), the universal cover
of X must be holomorphically and isometrically equivalent (up to scaling) to
one of the model spaces CP", C™, or B™. Since X admits a Ricci-flat metric
(i.e., A =0), among these three possibilities only the flat complex Euclidean
space C™ admits such a metric. Thus, we have

X =Cn
Therefore, X itself is biholomorphic to a quotient of C™ by a discrete sub-
group I' acting freely and properly discontinuously:

X =~ CYT.

Since C™ is simply connected and flat, it admits a trivial holomorphic tangent
bundle with a canonical flat connection (the standard flat connection induced
by the standard affine structure). The holomorphic tangent bundle T'X of
X then descends from this trivial bundle under the quotient by I', and thus
inherits a flat holomorphic connection. ]

7.2 Principal Bundles and Holomorphic Connec-
tions

In this section, we discuss the more general setting of holomorphic connec-
tions on holomorphic principal bundles, extending the discussion from vector
bundles.
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Definition 7.2.1. Let X be a complex manifold and G a complex Lie group.
A holomorphic principal G-bundle 7 : Fgz — X is a holomorphic fiber
bundle whose fiber is G, with a free and holomorphic action of G on the
right.

Let us consider the holomorphic tangent bundle T'Eg of the total space
Eg. The group G acts on T E¢g via the differential of its action on Fg. In
particular, the infinitesimal action of the Lie algebra g of G gives rise to the
vertical tangent subbundle.

Definition 7.2.2. The relative tangent bundle Tg,/x is the subbundle of
T FEq defined as the kernel of the differential of the projection:

Tg,/x = ker(me : TEg — 7T X).

The fibers of T,/ x at a point e € E¢ consist of vectors tangent to the
fiber 771((e)) = G, and are naturally identified with g. This identification
is equivariant with respect to the adjoint action of G on g.

Definition 7.2.3. The adjoint bundle ad(Eq) is the holomorphic vec-
tor bundle over X associated to the principal G-bundle Fg via the adjoint
representation:

ad(Eq) := Eq Xad 8,

where the fiber over € X is the quotient (Fg), X g/ ~, with the equivalence
relation (e - g, X) ~ (e, Ad(g)X).

Similarly, the full tangent bundle T'E¢ admits a quotient by the G-action.

Definition 7.2.4. The Atiyah bundle of the principal bundle Eq is defined
as
At(Eg) := (TEg)/G — Eg/G = X.

It is a holomorphic vector bundle over X, whose fiber at x € X consists of
G-invariant holomorphic vector fields on the total space Eg projecting to
vector fields on X.

The differential 7, : TEg — w*TX is G-equivariant, and therefore de-
scends to a holomorphic vector bundle morphism

st At(Eg) — TX.
The short exact sequence of holomorphic vector bundles on Eq,

0 —— Tp,x — TEg —— m*'TX —— 0,

is G-equivariant. Taking the quotient of each term by the action of G yields
the sequence

0 — Ty x/G — TEG/G — *TX/G — 0
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Since Tg,/x/G = ad(Eg), TEq/G = At(Eg), and 7"'TX/G = TX, we
obtain the Atiyah sequence.

0 —— ad(Eg) —— At(Eg) —= TX — 0.

Definition 7.2.5. A holomorphic connection on Eg is a holomorphic split-
ting of the Atiyah sequence. That is, a holomorphic O x-linear map

V:TX — At(E(;)
such that 7, o V = idrx.

Remark 7.2.6. The data of such a connection V amounts to a choice of
horizontal subspace in At(E¢g) complementary to ad(Egq).

Given a holomorphic connection V, one defines the curvature as follows.

Definition 7.2.7. Let V be a holomorphic connection on Eg. The curva-
ture of V is the ad(Eq)-valued holomorphic 2-form defined by

R(V)(X,Y) := [V(X), V(Y)] = V([X,Y])
for all local holomorphic vector fields X,Y € TX.

One checks that R(V) € H(X, 0% ®ad(Eg)). As before, a holomorphic
connection V is said to be flat if its curvature vanishes identically: R(V) = 0.
In the special case where FE¢ is the frame bundle associated to a holomorphic
vector bundle F, a holomorphic connection V on E¢ induces a holomorphic
connection on F, and vice versa.

Lemma 7.2.8. Let Eg be a holomorphic principal G-bundle over a compact
connected Kdahler manifold X admitting a holomorphic connection. Then all
characteristic classes of Eg of positive degree, with coefficients in R, vanish.

Proof. Let p: G — GL(V) be any finite-dimensional complex representation
of G, with V' a finite-dimensional complex vector space. The associated
holomorphic vector bundle is

Ev :=Eqx,V = X.

A holomorphic connection V on Eg induces a holomorphic connection on
every associated bundle Fy . This follows from functoriality: the splitting
V :TX — At(E¢) induces a splitting of the Atiyah sequence for Ey, hence
a holomorphic connection on Ey . By Corollary 5.1.11

ci(By)=0¢€ H*(X,R) forall k> 0.

Let P be any invariant polynomial on the Lie algebra g of G. The charac-
teristic class P(E¢q) of Eg (with real coefficients) is constructed as follows:
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for each such p, there exists a representation p and an invariant polynomial
p on gl(V) such that

P =1DO ps.
Then the associated characteristic class p(E¢q) coincides with p(Ey) un-
der the natural identification. Since all such characteristic classes of the

associated vector bundle Fy vanish in positive degrees, it follows that all
characteristic classes of Eg of positive degree vanish in H?*(X, R). O

7.3 Pseudostability

In Section 6.3, we introduced the fundamental correspondence due to Simp-
son between semistable holomorphic vector bundles and flat bundles on pro-
jective manifolds. The aim of this section is to generalize this and introduce
the concept of pseudostability. In 2007, Biswas and Gomez |5| proved a gen-
eralization of Simpson’s theorem for compact connected Kéahler manifolds,
yielding an equivalence between pseudostable bundles with vanishing char-
acteristic classes of degree one and two, and flat bundles.

Recall from Chapter 4 that a torsion-free coherent sheaf (or holomorphic
vector bundle) E over a compact Kéhler manifold (X,w) is called:

e Slope stable if for all coherent subsheaves 0 < rk(F) < rk(E), we have
u(F) < p(E).

e Slope semistable if for all such F, u(F) < p(E).
e Polystable if it is a direct sum of stable sheaves, all of the same slope.

Semistability is a weakening of stability, polystability is a strengthening of
semistability (but not necessarily of stability: indecomposable stable implies
polystable, but the converse is not true in general).

Definition 7.3.1. Let E be a holomorphic vector bundle of rank r over a
compact Kéhler manifold (X,w). We say that E is pseudostable if there
exists a filtration of holomorphic subbundles

O=FhCHkH CFKC---CFy_1CF)=F
such that for each ¢ =1,...,¢:
(i) The quotient bundle F;/F;_; is stable.

(ii) All successive quotients have equal slopes:

(R = u(F/Fy) = - - = p(Fy/ Fe_1) = p(E).
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In other words, E is pseudostable if it admits a filtration whose associated
graded object is a direct sum of stable bundles, all with the same slope.

The relationship among these different notions of stability can be sum-
marized as follows:

Polystable = Pseudostable = Semistable.

o If F is polystable, then it is a direct sum of stable bundles of the same
slope, so the trivial filtration 0 C F already shows FE is pseudostable.

o If F is pseudostable but not polystable, the associated graded need not
split holomorphically. Only the filtration is required, not a direct sum
decomposition.

e Every pseudostable bundle is semistable, since any destabilizing sub-
bundle would yield a contradiction for one of the stable pieces in the
filtration.

e The converse implications do not hold: a semistable bundle need not
be pseudostable, and a pseudostable bundle need not be polystable.

To illustrate that a pseudostable bundle need not be polystable, consider
an elliptic curve C' and recall that for an elliptic curve, the Picard variety is
given by Pic’(C) 2 C. Let L be a degree zero line bundle on C' that is not
trivial and consider the non-trivial extension

0 —— Oc¢ » B > L 0.

Both O¢ and L are stable bundles of degree 0 and the extension F is
semistable (since every line subbundle has degree < 0). However, by con-
struction E does not split as a direct sum so it is not polystable. Pseudosta-
bility follows as F has a filtration

0cCcOc CE,

and both graded pieces are stable of equal slope. More generally, if E is an
extension
0 > El FE E2 0.

where F7 and E5 are stable of the same slope, but the extension is non-trivial
and does not split, then F is pseudostable but not polystable.
The key result from [5] is described in the following theorem:

Theorem 7.3.2 (Biswas-Goémez [5, Theorem 1.1]). Let X be a compact
connected Kahler manifold. There is an equivalence of categories between the
category of pseudostable holomorphic vector bundles E over X with vanishing
Chern classes c1(F) = 0 = co(E), and the category of flat holomorphic vector
bundles over X.
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7.4 The Main Theorem

The central result of this chapter addresses Atiyah’s fundamental question:
on compact Kéhler manifolds, when does the existence of a holomorphic con-
nection automatically imply the existence of a flat holomorphic connection?
While we have seen that this question has a negative answer in general (as
demonstrated by Atiyah’s examples in Section 6.3), the situation becomes
remarkably different for Calabi—Yau manifolds.

The main theorem, due to Biswas and Dumitrescu, provides a complete
positive answer to Atiyah’s question in the Calabi—Yau setting:

Theorem 7.4.1 (Biswas-Dumitrescu [4]). Let X be a compact Calabi-Yau
manifold and let Eg be a holomorphic principal G-bundle over X, where G
is a complex affine algebraic group. If Eq admits a holomorphic connection,
then Eq admits a flat holomorphic connection.

In the special case of vector bundles (corresponding to G = GL(r,C)),
this gives:

Corollary 7.4.2. Let X be a compact Calabi—Yau manifold and let E be a
holomorphic vector bundle over X. Then E admits a holomorphic connection
if and only if E admits a flat holomorphic connection. Equivalently:

A(E) =0 < FE is flat.

Recall that on curves (Theorem 6.2.1), every holomorphic connection is
automatically flat due to the vanishing of Q?X On Calabi-Yau manifolds,
despite the presence of non-trivial 2-forms, the same conclusion holds, but
for much deeper reasons related to the Ricci-flat geometry.

For simply connected Calabi—Yau manifolds, we obtain an even stronger
result:

Corollary 7.4.3. Let X be a compact simply connected Calabi—Yau man-
ifold and let Eq be a holomorphic principal G-bundle over X admitting a
holomorphic connection. Then Eqg ts holomorphically trivial, and the holo-
morphic connection on it coincides with the trivialization.

Proof. By Theorem 7.4.1, Eqg admits a flat holomorphic connection. Since
X is simply connected, any flat bundle is necessarily trivial. Moreover, any
connection on the trivial bundle is determined by a holomorphic section
of Q}( ® g. However, compact simply connected Kéhler manifolds do not
admit non-trivial holomorphic 1-forms (as H'Y(X) = 0 by Hodge theory
applied to simply connected compact Ké&hler manifolds). Therefore, the only
holomorphic connection is the trivial one. O

The proof of Theorem 7.4.1 relies on a result that connects the Ricci-
flat geometry of Calabi—Yau manifolds to the stability properties of vector
bundles with holomorphic connections:
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Proposition 7.4.4. Let X be a compact Calabi—Yau manifold equipped with
a Ricci-flat Kdhler form w. Let E be a holomorphic vector bundle on X
admitting a holomorphic connection. Then E is pseudostable.

Before proving this proposition, we recall that the pseudostability prop-
erty is crucial because of Theorem 7.3.2. Since any bundle with a holomor-
phic connection has vanishing Chern classes (Corollary 5.1.11), Proposition
7.4.4 combined with Theorem 7.3.2 immediately yields the flatness of E.

We now turn to the proof of Proposition 7.4.4, which requires a delicate
analysis of the interplay between holomorphic connections and the Ricci-flat
geometry.

Proof of Proposition 7.4.4. Since w is a Ricci-flat Kéhler form on X, the
metric is Kéhler—Einstein with Einstein constant zero. A fundamental result
of Liibke states that any vector bundle on a compact Kéhler manifold admit-
ting a Hermitian—Einstein structure is polystable. Since the tangent bundle
TX of a Ricci-flat Kéhler manifold is polystable with ¢;(7X) = 0, we can
apply results of Biswas to conclude that any vector bundle E admitting a
holomorphic connection is semistable.

The heart of the proof involves analyzing polystable subsheaves of F.
Let F C E be a polystable subsheaf such that:

(i) deg(F) =0
(ii) The quotient E/F is torsion-free

The second condition ensures that F is reflexive. Since deg(F) = 0 = deg(E)
(the latter following from the existence of a holomorphic connection), we
have deg(E/F) = 0. The semistability of both E and F, combined with
their equal degrees, implies that E/F is also semistable.

Let d = dim¢ X, and denote m = rk(F), n = rk(E/F). By the Bogo-
molov inequality, both F and E/F satisfy:

((Qm co(F) — (m —1)er(F)H U wd_Q) N[X] >0, (1)
((zn - e3(EJF) — (n— Der(B/F)?) U wH) n[X] > 0. 2)

We now show that the inequalities in (1) and (2) are in fact equalities. To
see this, let @ := E/F. Using the Whitney formula for Chern classes and
the additivity in short exact sequences, we have

ca(B) =ca(F)+a(Q),  alB)=clF)+ca(Q)+alF)ua(Q)
Since E admits a holomorphic connection, ¢;(E) = 0 for all ¢ > 0. Thus,

a(F) +ca(Q) =0, (3)
CQ(F)+CQ(Q)+01(F)UC1(Q) = 0. (4)
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Now consider the following calculation:
2m+n)ea(FOQ) —(m+n—1)c1(F® Q)2 =2(m+ n)(ca(F) + c2(Q) + c1(F) c1(Q))
—(m+n-— 1)(01(]:)2 + cl(Q)2 + 2¢1(F) cl(Q))

m-+n m-+n

= T2 (2mea(F) — (m— Dea(F)?) +

(ZnCQ(Q) —(n— 1)01(9)2)
b (ney(F) — mCl(Q))2

mn
But as ¢1(E) =0, c2(E) = 0, we also have

2(m +n)ca(E) — (m+n— 1)1 (E)* = 0.

That is,
0=2(m+n)ca(E) — (m+n—1)c (E)>?
— mT—rlL—n (2mea(F) — (m — 1)01(]:)2) n m-+n (2n¢s(Q) — (n 1)01(9)2)
1

- ——(na(F) —ma(Q)’

We now take the cup product with w92 and integrate over [X]:

m-+n

((2m es(F) — (m — D)er(F)?) U wH) N [X]

m-—+n

m

+

(2rex(@ = (n- D@ w2 nlx]  (6)

n

_ i ((ncl(]:) — mcl(Q))Q de72> N [X] =0.

mn
Observe that since both F and Q have degree zero,

<c1 (F)u wdfl) N[X]=0= (cl(Q) U wdfl) n[x],

SO

((n c1(F) —mer(Q)) U wdfl) N[X] =o.
By the Hodge index theorem (see [19]), this implies
((ncl (F) —mer(Q)2U wd_2> n[X] <o.

Therefore, in (6), the third term is non-negative:

—(ner(F) - mar(Q)F Ut A [X] 2 0.

But since both terms in (1) and (2) are non-negative by the Bogomolov
inequality, and their sum (up to positive coefficients) is at most zero, we
must have equality throughout. That is,

((zm es(F) — (m — Ve (F)2) U wH) n[x]=o,
((zn 2(Q) — (n — Der(Q)2) U wd_2> n[X] = 0.
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Thus, the Bogomolov inequalities for F and E/F are in fact equalities. Now
as
<(2m cea(F) = (m = 1)er(F)?) U wH) n[X] =0,

Corollary 3 in |2] implies that F is a polystable vector bundle admitting a
projectively flat unitary connection.

We now consider two cases based on whether the holomorphic connection
V preserves the subsheaf F. Case 1: V preserves F. In this case, F is a
subbundle of E which is preserved by V. The induced connection Vi on E/F
is also holomorphic. Thus, both (F,V|r) and (E/F, V1) are holomorphic
vector bundles of strictly smaller rank, each equipped with a holomorphic
connection. We may now apply the same argument recursively to E/F,
ultimately reducing to the case of bundles of rank one, which are necessarily
flat, and thus polystable. Therefore, F is a successive extension of polystable
flat bundles, and hence itself polystable of degree zero. Case 2: V does not
preserve F. Consider the composition

v q_7:®idﬂl
F—ESEQy —5 (B/F) 20k,

where qr : E — E/F is the quotient map. Since V does not preserve F,
this composition is nonzero, and hence determines a nonzero section

sy € HY(X,Hom(F,E/F) @ Q).
This induces a homomorphism
. FRTX - E/F.

Both F and T X are polystable vector bundles of degree zero, so F ® T'X
is also polystable of degree zero. On the other hand, E/F is torsion-free
and semistable of degree zero, so the image im(®) is a polystable subsheaf
of degree zero in E/F, and the quotient

(E/F)/im(®)

is torsion-free and semistable of degree zero. If rank(im(®)) = rank(E/F),
then im(®) = E/F. In this case, consider the preimage

Fi =gz (im(®)) C E,

which gives a filtration & C F; C E. Over a dense open subset, the inclusion
F1 < FE is an isomorphism onto its image. The natural map

t: F1— FE
gives rise to a section

i€ H(X,det(E) ® det(F1)*),
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whose divisor is effective. But since both E and F; have degree zero, this
divisor must vanish, so ¢ is an isomorphism everywhere. Consequently,
E/F, = 0, and we are done. If rank(im(®)) < rank(E/F), then E/F;
is a torsion-free semistable sheaf of degree zero and strictly smaller rank.
For F1 as above, consider the composition

i EY EwQk,
which induces a map
(F1/F) = (B/F1) @ Qk,
and thus a further homomorphism
by (F/F)@TX — E/F.

Again, F1/F and TX are polystable of degree zero, so (Fi/F) ® TX is
polystable of degree zero, and the image of ®; is polystable of degree zero.
If &; = 0, then V preserves Fi, and we can repeat the earlier argument
for 1. If ®; # 0, then the rank of the image increases, and we again
construct a strictly increasing filtration. At each stage, the rank of the
quotient decreases. Since the process strictly reduces the rank at each step,
this process terminates after finitely many steps. To make this precise, let
q1 : E — E/Fi be the quotient map. Consider the subsheaf

Fo = ql_l(im(q)l)) Cc E.

We then repeat the arguments above with F; replaced by F». Proceeding
inductively in this way, we obtain a filtration of subbundles of F,

Fo=FCHCFC---CF1CF=F,
such that
(i) the vector bundles F and F;/F;_; for 1 <i < ¢ are all stable, and
(i) u(F) =pw(F1/F) = w(Fo/Fr) = - = p(Fe/ Foa).
Hence E is pseudostable. ]
With Proposition 7.4.4 established, we can now prove the main result.

Proof of Theorem 7.4.1. Let E be a holomorphic vector bundle on a compact
Calabi—Yau manifold X admitting a holomorphic connection. By Proposi-
tion 7.4.4, F is pseudostable. By Corollary 5.1.11, all Chern classes of F
vanish, so in particular ¢;(E) = 0 = c2(E).

By the Biswas—Goémez correspondence (Theorem 7.3.2), there is an equiv-
alence between pseudostable holomorphic vector bundles with vanishing first

100



and second Chern classes and flat holomorphic vector bundles. Therefore, £
admits a flat holomorphic connection.

The converse is immediate: any flat holomorphic connection is in partic-
ular a holomorphic connection. ]

Remark 7.4.5. The result extends to principal G-bundles for complex affine
algebraic groups G using the structure theory of algebraic groups. The
key idea is to reduce to the reductive case using the Levi decomposition
G = R,(G) x L(G), where R,(G) is the unipotent radical, and then apply
the vector bundle result to the adjoint bundle. However, since vector bun-
dles (corresponding to G = GL(r,C)) cover the most important geometric
applications, we focus on this case for clarity.

This completes the proof of our main theorem, showing that on Calabi-
Yau manifolds, the existence of holomorphic connections and flat holomor-
phic connections are equivalent conditions for principal bundles with complex
affine algebraic structure groups.

101



Bibliography

[1]

2]

3]

[4]

15]

[6]

7]

M. F. Atiyah. “Complex analytic connections in fibre bundles”. In:
Transactions of the American Mathematical Society 85 (1957), pp. 181—
207.

Shigetoshi Bando and Yum-Tong Siu. “Stable Sheaves And Einstein—
Hermitian Metrics”. In: Geometry and Analysis on Complex Manifolds,
pp- 39-50. DOI: 10.1142 /9789814350112 _0002. eprint: https://
www . worldscientific . com/doi/pdf /10 . 1142 /9789814350112 _
0002. URL: https://www.worldscientific.com/doi/abs/10.1142/
9789814350112_0002.

Indranil Biswas. “Vector Bundles with Holomorphic Connection Over
a Projective Manifold with Tangent Bundle of Nonnegative Degree”.
In: Proceedings of the American Mathematical Society 126.10 (1998),
pp. 2827-2834.

Indranil Biswas and Sorin Dumitrescu. “Principal bundles with holo-
morphic connections over a Kédhler Calabi-Yau manifold”. In: Differ-
ential Geometry and its Applications 92 (2024), p. 102093. 1SSN: 0926-
2245. DOI: https://doi.org/10.1016/j.difgeo . 2023 . 102093.
URL: https://www.sciencedirect . com/science/article/pii/
S50926224523001195.

Indranil Biswas and Toméas L. Gémez. “Connections and Higgs fields on
a principal bundle”. In: Annals of Global Analysis and Geometry 33.1
(2008). Issue Date: March 2008, pp. 19-46. DOI: 10. 1007 /s10455 -
007-9072-x. URL: https://doi.org/10.1007/s10455-007-9072-x.

Raoul Bott and Loring W. Tu. Differential Forms in Algebraic Topol-
ogy. Vol. 82. Graduate Texts in Mathematics. New York: Springer,
1982. 1SBN: 978-1-4757-3951-1. DOI: 10.1007/978-1-4757-3951-1.

Henri Cartan. “Variétés analytiques réelles et variétés analytiques com-
plexes”. French. In: Bulletin de la Société Mathématique de France 85
(1957), pp. 77-99. DOL: 10.24033/bsmf . 1481. URL: https://www.
numdam.org/articles/10.24033/bsmf . 1481/.

102


https://doi.org/10.1142/9789814350112_0002
https://www.worldscientific.com/doi/pdf/10.1142/9789814350112_0002
https://www.worldscientific.com/doi/pdf/10.1142/9789814350112_0002
https://www.worldscientific.com/doi/pdf/10.1142/9789814350112_0002
https://www.worldscientific.com/doi/abs/10.1142/9789814350112_0002
https://www.worldscientific.com/doi/abs/10.1142/9789814350112_0002
https://doi.org/https://doi.org/10.1016/j.difgeo.2023.102093
https://www.sciencedirect.com/science/article/pii/S0926224523001195
https://www.sciencedirect.com/science/article/pii/S0926224523001195
https://doi.org/10.1007/s10455-007-9072-x
https://doi.org/10.1007/s10455-007-9072-x
https://doi.org/10.1007/s10455-007-9072-x
https://doi.org/10.1007/978-1-4757-3951-1
https://doi.org/10.24033/bsmf.1481
https://www.numdam.org/articles/10.24033/bsmf.1481/
https://www.numdam.org/articles/10.24033/bsmf.1481/

[8] Robert Friedman. Algebraic Surfaces and Holomorphic Vector Bundles.
1st ed. Universitext. Published in Springer Book Archive. New York,
NY: Springer New York, 1998, pp. IX, 329. 1sBN: 978-0-387-98361-5.
DOI: 10.1007/978-1-4612-1688-9.

[9] Daniel Huybrechts and Manfred Lehn. The Geometry of Moduli Spaces
of Sheaves. 2nd ed. Cambridge Mathematical Library. Online publica-
tion date: July 2010. Cambridge: Cambridge University Press, 2010.
ISBN: 978-0-521-13420-0. DOI: 10.1017/CB09780511711985. URL: https:
//doi.org/10.1017/CB09780511711985.

[10] Shoshichi Kobayashi. Differential Geometry of Complex Vector Bun-
dles. ISBN-10: 0691603294. Princeton, NJ: Princeton Legacy Library,
1987. 1SBN: 978-0691603292.

[11] Martin Liibke. “Chernklassen von Hermite-Einstein-Vektorbiindeln.”
In: Mathematische Annalen 260 (1982), pp. 133-142. URL: http://
eudml .org/doc/163662.

[12] Christian Okonek, Michael Schneider, and Heinz Spindler. Vector Bun-
dles on Complex Projective Spaces. 1st ed. Modern Birkhauser Clas-
sics. With an Appendix by S. I. Gelfand. Basel: Birkhduser Basel, 1980,
pp. VIII, 239. 1SBN: 978-3-0348-0150-8. DOI: 10.1007/978-3-0348-
0151-5.

[13] Gerd Scheja. “Fortsetzungssitze der komplex-analytischen Cohomolo-
gie und ihre algebraische Charakterisierung”. In: Mathematische An-
nalen 157 (1964), pp. 75-94.

[14] Carlos T. Simpson. “Constructing Variations of Hodge Structure Using
Yang-Mills Theory and Applications to Uniformization”. In: Journal
of the American Mathematical Society 1.4 (1988), pp. 867-918. ISSN:
08940347, 10886834. URL: http://www. jstor.org/stable/1990994
(visited on 05/30/2025).

[15] Carlos T. Simpson. “Higgs bundles and local systems”. In: Publications
Mathématiques de UIHES 75 (1992), pp. 5-95. URL: https://www.
numdam. org/item/PMIHES_1992__75__5_0/.

[16] Gang Tian. Canonical Metrics in Kdhler Geometry. 1st ed. Lectures in
Mathematics. ETH Ziirich. Springer Book Archive. Copyright: Birkh&user
Verlag 2000. eBook ISBN: 978-3-0348-8389-4. Published: 06 December
2012. Basel: Birkh&user Basel, 2000, pp. VII, 101. 1SBN: 978-3-7643-
6194-5. por1: 10.1007/978-3-0348-8389-4. URL: https://doi.org/
10.1007/978-3-0348-8389-4.

103


https://doi.org/10.1007/978-1-4612-1688-9
https://doi.org/10.1017/CBO9780511711985
https://doi.org/10.1017/CBO9780511711985
https://doi.org/10.1017/CBO9780511711985
http://eudml.org/doc/163662
http://eudml.org/doc/163662
https://doi.org/10.1007/978-3-0348-0151-5
https://doi.org/10.1007/978-3-0348-0151-5
http://www.jstor.org/stable/1990994
https://www.numdam.org/item/PMIHES_1992__75__5_0/
https://www.numdam.org/item/PMIHES_1992__75__5_0/
https://doi.org/10.1007/978-3-0348-8389-4
https://doi.org/10.1007/978-3-0348-8389-4
https://doi.org/10.1007/978-3-0348-8389-4

[17]

[18]

[19]

Loring W. Tu. Differential Geometry: Connections, Curvature, and
Characteristic Classes. 1st ed. Vol. 275. Graduate Texts in Mathemat-
ics. Published in Mathematics and Statistics eBook Packages. Cham:
Springer Cham, 2017, pp. XVII, 347. 1SBN: 978-3-319-55082-4. DOI:
10.1007/978-3-319-55084-8.

Karen Uhlenbeck and Shing-Tung Yau. “On the existence of Hermitian—
Yang—Mills connections in stable vector bundles”. In: Communications
on Pure and Applied Mathematics 39 (1986), S257-S293. 1sSN: 0010-
3640. DOI: 10.1002/cpa.3160390714.

Claire Voisin. Hodge Theory and Complex Algebraic Geometry I. Ed.
by Leila Schneps. Cambridge Studies in Advanced Mathematics. Cam-
bridge University Press, 2002.

104


https://doi.org/10.1007/978-3-319-55084-8
https://doi.org/10.1002/cpa.3160390714

	Connections On Vector Bundles
	Local Operators
	Connections
	Curvature

	Chern–Weil Theory
	Invariant Polynomials
	The Chern-Weil Homomorphism
	Chern Classes
	Chern Classes for Flat and Projectively Flat Bundles

	Hermite–Einstein Vector Bundles
	Hermite–Einstein Condition
	Vanishing Theorems
	Chern Classes of Hermite–Einstein Vector Bundles

	Stability
	Slope Stability
	The Harder–Narasimhan Filtration
	Stability for Hermite–Einstein Vector Bundles
	The Kobayashi–Hitchin Correspondence

	The Atiyah Class
	Atiyah Class via Čech Cocycles
	Atiyah Class via Extension Classes

	Flat Bundles and Holomorphic Connections
	Flat Vector Bundles and Representations
	Flatness on Curves
	Projective Manifolds

	Holomorphic Connections on Calabi–Yau Manifolds
	Calabi–Yau Geometry
	Principal Bundles and Holomorphic Connections
	Pseudostability
	The Main Theorem


